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Abstract. A'3 surfaces with non-symplectic symmetry of order 3 are classified 
by open sets of twenty-four complex ball quotients associated to Eisenstein lat- 
tices. We show that twenty-two of those moduli spaces are rational. 

1. Introduction 

The study of A'3 surfaces with non-symplectic symmetry has arisen as an appli- 
cation of the Torelli theorem, and by now, it has been recognized as closely related 
to classical geometry and special arithmetic quotients. They were first studied sys- 
tematically in the involution case by Nikulin [23], who classified their topological 
types using the lattices of 2-cycles (anti-)invariant under the involutions. The anti- 
invariant lattices also provide the period domains, which are Hermitian symmetric 
of type IV and whose quotients by the orthogonal groups give the moduli spaces. 

Comes next to involution is automorphism of order 3. Kondo, Dolgachev, 
and van Geemen |[TOl . ifTTl studied two moduli spaces of A'3 surfaces with such 
symmetry, in connection with genus 4 curves and cubic surfaces. Afterwards, 
Artebani-Sarti [3 1 and the third-named author |27| gave a topological classification 
of such automorphisms. Let X be a A'3 surface with a non-symplectic symmetry 
G c Aut(Z), G ^ "Ll^l.. Let L(X, G) c H^{X, Z) be the lattice of G-invariant 
cycles, and E(X, G) c H^iX, Z) be its orthogonal complement. These lattices have 
3-elementary discriminant groups, analogous to the 2-elementary property in the 
involution case. What is more crucial is that E{X, G) is endowed with the struc- 
ture of an Eisenstein lattice, namely a Hermitian form over the ring of Eisenstein 
integers. Then a result of f?] and f27| says that the topological types of such 
pairs (X, G) are, by associating E{X, G), in one-to-one correspondence with certain 
Eisenstein lattices embeddable in the A'3 lattice. In view of this, we shall call such 
a pair {X,G) an Eisenstein K3 surface. According to O, ETll . E{X,G) is in turn 
encoded in the pair (r, a) where r is the rank of L(X, G) and a is the length of its 
discriminant group, and there are exactly twenty-four such (r, a). 



2000 Mathematics Subject Classification. Primary 14J28, Secondary 14G35, 14J26, 14E08. 

Key words and phrases. K3 surface, non-symplectic automorphism of order 3, moduli space, 
rationality, Eisenstein lattice, ball quotient. 

S. M. was supported by Grant-in-Aid for JSPS fellows [21-978] and Grant-in-Aid for Scientific 
Research (S), No 22224001. 

H. O. was supported by and Grant-in-Aid for Scientific Research (S), No 22224001 and for Young 
Scientists (B) 23740010. 

1 



2 



For each (r, a), the period domain for Eisenstein K3 surfaces {X, G) of that type 
is the complex ball associated to E{X, G). One obtains the moduli space Mr,a of 
those Eisenstein K'i surfaces as the quotient of the ball by the unitary group of 
E{X, G), with a Heegner divisor removed. This story is similar to the involution 
case, but note that the types of period domains are different. 

In this article we study the birational types of Alr,a- The spaces M22 and M\2,5, 
studied in |17 | and 121, ifTOl respectively, have been known to be rational by the 
corresponding results for the moduli of genus 4 curves ( [26.1 ) and of cubic surfaces 
(classical). We show that this property actually holds for most A1r,a- 

Theorem 1.1. The moduli space Mr,a of Eisenstein K3 surfaces of type {r,a) is 
rational, possibly except for (r, a) = (8, 7) and (10, 6). 

A similar rationality result is known in the involution case ( IIT6I . lITSll . lITTI ). It 
is natural to expect analogous results for other non-symplectic symmetry, and the 
present article goes into the Eisenstein case. In fact, it seems that automorphisms 
of order 2 and 3 cover a wide range of non-symplectic automorphisms. They in 
general get rarer as the order grows, though complete classification is not yet ob- 
tained. 

We will prove Theorem |1.1| case-by-case. A basic strategy is to first find a 
canonical triple cover construction of general members of Mr,a using -^Ky-cmves 
on a Hirzebruch surface Y = ¥2n, < N < 3. More precisely, we consider an ex- 
plicit locus U c\ - ^Ky\ parametrizing curves with prescribed type of singularities 
and irreducible decomposition. We obtain a period map 

P : U/AutiF2N) Mr,a 

by taking the resolutions of cyclic triple covers of ¥2n branched over B e U. We 
can calculate the degree of such maps P ina systematic manner (see ^4.3[ ). If we 
could find those U with degCP) = 1, the problem is reduced to the rationality of 
?7/Aut(F2/v) which we prove by studying the Aut(F2iv)-action. 

This strategy is analogous to the one in the involution case lITSl. but hidden 
behind the similarity are some subtle features in the present case. The first is the 
existence of isolated fixed points of {X, G) = P{B), which appear over the singular 
points of B. By the above construction, we keep away from such fixed points, in a 
sense. Secondly, the triple cover to have canonical singularity is a strong demand, 
so that the singularities of B are quite limited (at worst ramphoid cusps). Finally, 
smooth rational surfaces Y with 3Ky € 2Pic(F) are rare: they are only ¥2n. 

The above easy construction offers period maps of degree 1 for as many as 
seventeen Alr,a, but does not cover all cases. To analyze the rest five (Al4,3, At6,4, 
Al8,5> A1io,4 and Ali2,3), we develop a more real theory of branch curve. This is 
the notion of mixed branch. It contains and is more flexible than -jA'y-curves, and 
using it we can work with fixed curves and isolated fixed points quite satisfactorily. 
Those five Mr^a are provided with birational period maps by using mixed branch. 

The rationality problem is open for Algj and Alio,6- They are unirational by the 
constructions in |l3l, HI- Unfortunately, for those two we failed to find canonical 
and effective construction as above, due to which we could not approach them. 
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The rest of the article is as follows. ^2.1|is the preliminaries on Eisenstein lat- 



tices. In §2.2 we prepare miscellaneous on Aut(F2A?). In 93^ we recall/reformulate 



basic results on Eisenstein K?) surfaces. We introduce mixed branches in 94.11 and 



then study -^A'p^jv "turves in §4.2 The method of degree calculation is explained 
in |4.3| After these preliminaries, the proof of Theorem 1 1 . 1 1 begins in ^ We pro- 
ceed according to the maximal genus g of fixed curves: the cases with genus g are 
treated in § 10-g. We adopt this division policy because it exhibits the degeneration 
relations among the moduli spaces with the same g. 

Throughout this article we shall denote by A„, D„„ Ei the negative-defimte root 
lattice of type A„, D^, Ei respectively. We denote by U the even indefinite uni- 
modular lattice of rank 2. 

Acknowledgement. Ohashi is grateful to Professor Kondo for his encouragements. 

2. Preliminaries 



In this section we prepare some results on Eisenstein lattices (§2.1 1 and auto 



morphisms of Hirzebruch surfaces (§2.2). They are technical basis in the rest of 



the article. The reader may skip for the moment and return when necessary. 

2.1. Eisenstein lattices. Let E be an even lattice, namely a free Z-module en- 
dowed with a nondegenerate integral symmetric bilinear form ( , ) such that 
(/, € 2Z for every I € E. A structure of Eisenstein lattice on £ is a self-isometry 
p of £■ of order 3, such that p{l) + I for any t I € E. Equivalently, a self-isometry 
p gives an Eisenstein structure if it satisfies p^ -i- p -i- id = 0. In this subsection we 
study some properties of such a pair {E,p). 

First we justify the naming "Eisenstein lattice". Let Z[^], ( = e^^'^^ , be the ring 
of Eisenstein integers. For an Eisenstein lattice {E,p) as above, the Z-module E is 
naturally equipped with a module structure over Z[^] by defining ^ • I - p{l). We 
have a Z[^]-valued bilinear form on E defined by 

(2.1) (/,/')£ := iW) + cilpil')) + ^\ip\i')) e na 



Then ( , )£ is Hermitian, namely (/',/)£ ^ (/,/')£ and {(l,l')a = Con- 
versely, if £■ is a free module over Z[^] equipped with a Hermitian form ( , )£, the 
symmetric bilinear form 

(2.2) (/,/'):- ^2le((/,/')£) 

defines (in general not integral) a lattice structure on the Z-module E which natu- 
rally has an Eisenstein structure p defined by the action of ^. One checks that the 
two constructions ( |2. 1[ ) and ( |2.2| ) are converse to each other. The bilinear form ( , ) 



is even if and only if the Hermitian form ( , )£ satisfies 
(2.3) (/, l)& e 3Z 

for all I € E. Thus, Eisenstein lattices in our sense naturally correspond to Her- 



mitian lattices over Z[^] with the property ( |2.3[ ). Throughout this article we will 
work in the category of integral quadratic forms. We denote by E^ = Hom(£', Z) 
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the dual lattice of E (as a quadratic form), and Ae = jE the discriminant group 
of £. 

Example 2.1. (1) The fundamental example is the root lattice E = A2. Up to 
taking square, it has a unique isometry p of order 3, which gives the structure of an 
Eisenstein lattice on A2. In what follows, we always consider A2 as being equipped 
with this structure. 

(2) By the uniqueness theorems for indefinite lattices ll22l . we have an isometry 
A2 ® A2(-l) ^ U 9 U(3) of quadratic forms. By defining the Eisenstein structure 
induced from A2-components diagonally, this lattice E = U®U{3) has the structure 
of an Eisenstein lattice. Moreover, since p acts trivially on the discriminant group 
Ae, it preserves the overlattices of E which are isomorphic to U 9 U. In other 
words, we obtain an Eisenstein structure also onU 9 U. 

(3) Since the root lattices E(, and Eg both can be obtained as overlattices of some 
direct sum of A2, by the same reasoning as (2), these have the structure of an 
Eisenstein lattice, too. 

We shall fix the above Eisenstein structures on ?7 © ?7, ?7 © ^^'^(3), E(, and £"§. 

Definition 2.2. The unitary group \JiE) of an Eisenstein lattice {E,p) is the fol- 
lowing. 

\J(E) = {yeO{E)\yop^poy}. 

As p determines the complex structure of E, this U(£') is nothing but the unitary 
group of E considered as a Hermitian lattice over Z[^]. 

The discriminant group of an Eisenstein lattice E is endowed with the discrim- 
inant form qA '■ Ae ^ Q/2Z. We have a natural homomorphism \J{E) — > 0{Ae). 
We prove that it is surjective for some special Eisenstein lattices, as an analogue of 
the famous surjectivity property of [|22|| for orthogonal groups. 

Proposition 2.3. (1) Let E be the indefinite Eisenstein lattice A2(-l) © A2. Then 
the homomorphism \5{E) 0{Ae) is surjective. 

(2) Let E be the definite Eisenstein lattice A^ with n < 3. Then the homomorphism 
\J{E) — > 0{Ae) is surjective. 

Proof. The groups 0{Ae) are in fact full orthogonal groups in characteristic 3. Our 
proof relies on the fundamental fact that they are generated by reflections in non- 
isotropic vectors. 

Let L be the odd unimodular lattice (1)" © (-1) (resp. (1)") in the case (1) 
(resp. (2)). Then E can be identified with the tensor product L g) A2, including 
the correspondence of Gram matrices. Using this tensor notation, the Eisenstein 
structure of E has the form id^ p, where p is from Example |2.1| (1). Now for 
g € 0(L), we can define an element of \J{E) by a{g) = g ^ id^,- This defines 
an injective homomorphism a: 0(L) ^(E). Consider the composite of a and 
\JiE) 0(Ae). By taking a natural basis of Ae = Al^Aj^ it is identified with 
the reduction map yS: 0(L) 0(L/3L), where L/3L is naturally equipped with a 
quadratic form over Z/3Z. 
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To prove the proposition, now it suffices to show that the reduction map (5 is 
surjective. Let ( , ) be the bilinear form on L. Then the bihnear form on L/3L is 
just given by ( , ) mod 3, hence we use the same notation ( , ) for them. 

Since 0(L/3L) is an orthogonal group in odd characteristic, it is generated by 
reflections for non-isotropic elements a € L/3L, where 

,^ 2{x,a) 
(2.4) ra'. X X a. 

{a, a) 

If I € L satisfies (/, Z) e {±1, +2}, then the reflection r/ defined by the same formula 
as ( |2.4[ ) gives an element of 0(L), and its image in 0(L/3L) is the reflection in 
[I] € L/3L. Thus our surjectivity assertion is reduced to the "liftability of reflection 
vectors", that is, the following problem: for all non-isotropic element a € L/3L, 
find a lift Z e L of c? (or 2a, since they define the same reflections) such that (Z, Z) € 
{±1, +2}. This purely arithmetic step is realized in the next lemma. □ 

Lemma 2.4. Let L be the odd unimodular lattice of signature (n, I) for (1), or 
of signature {n,0) for (2) respectively. In case (2) suppose n < 3. Then for any 
non-isotropic element a € L/3L, there exists a lift I e L of a or 2a such that 
(Z,Z)e{±l,±2). 

Proof. Case (2) is easily done by hand, so we prove only (1). We take the coordi- 
nates for L so that the quadratic form on L is given by 

q{xo, ■■■ ,Xn) = -xl + x\ + ■ ■ ■ + x^. 

Let (yo, • • • ,yn) £ LI3L be a given non-isotropic element. We have to show the 
existence of Z = (;ci, • • • , x,^) € L such that (Z^) € |±1, ±2) and Xi mod 3 is equal to 
the given y,. This is purely an arithmetic problem. One solution is given as follows. 

First we ignore the zero coordinates y,- = 0(/ > 0) by using Xi = 0. Moreover for 
yi = 1 or = 2, we can use x,- = 1,-2 or = -1,2 respectively so that x^ takes the 
value 1 or 4 at any rate. These two steps reduce the equation to 

-Xq -i-(1-i-1-i-----i-4-i-4-i----)€{±1, ±2)(exactly n terms in the parentheses). 

When = 0, take the positive integer s such that 

3s'^-6s + 4< [n/3] < 3{s + if - 6{s + \) + 4. 

(If [n/3] = then we take s = 0.) Then putting xq = 3s gives one solution to the 
above equation 

-{3sf + 1 • {[n/3] +n- 3s^) + 4 • (3^^ - [n/3]) = 1 or 2. 

(We can see that [n/3] +n-3s^ > 4{3{s - if + I) - 3s^ ^ {3s - 4f > 0, and so 
on.) When yo = I, take the positive integer Z such that 

3s^-4s + 2< [{n - l)/3] < 3{s + if - 4{s +l) + 2. 

(If [{n - l)/3] = then we take s = 0.) Then putting xq = 3^ -i- 1 gives one solution 
to the above equation 

-{3s + lf + l- {[{n - l)/3] + n-3s^ -2s) + 4- {3s^ + 2s- [{n - l)/3]) - 1 or 2. 
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Finally when yo = - 1 , we can find x with x = -y by previous argument. All the 
cases are covered and the lemma is proved. □ 



As a consequence of Proposition [23] we have the following. 

Corollary 2,5. Let E be one of the following Eisenstein lattices: 

A2(-1)©A'^®£'^", U"^- ®a[®eI{1 <?>). 

Then the natural homomorphism \5{E) 0{Ae) is surjective. 

Among the twenty-four Eisenstein lattices associated to Eisenstein KJi surfaces, 
twenty-two excepting U"^ © and ® may be written in the above form (see 



3.1 1. We will see in 99^that the surjectivity property also holds for those two, by 



geometric argument. 

2.2. Automorphisms of Hirzebruch surfaces. We recall some basic facts about 
Hirzebruch surfaces (see, e.g., lITSl §3 for more detail). For « > let F„ = P£„ be 
the Hirzebruch surface where £„ is the bundle (9pi {n)®0^i over . Our convention 
is that a point of F„ represents a line in a fiber of £„. Let tt: F„ be the natural 
projection. Then the section Z - POpi {n) of tt is a (-«)-curve, while the section 
Hq = ¥Ofi has (Hq, Hq) = n. The Picard group of F„ is freely generated by Hq 
and a fiber F of k. We shall denote La^t = 0¥„iaHo + bF). We have (L^ fo, F) - a 
and (La^b,'^) - b- For example, the (-«)-curve E belongs to |Li the canonical 
bundle ^f,_ is isomorphic to L_2,„-2- 

Let [X, Y] be the homogeneous coordinate of P\ and let Vq = [Y 0], Vi = 
{X i=0]he open sets of P' . We set 

Uy=7:-\Vo)-Ho, U2 = n-\Vi) - Ho, 

U3=7:-\Vo)-^, t/4 = 7r-i(Vi)-S, 

which form an open covering of F„. Let 1 € H^{Opi ) be the natural frame of Opi , 
and = Y", s\ = X" e H^\Ofi{n)) be sections of Opi(n). Over Vi each point of F„ 
is represented as ([X, Y], C(al + psi)) for some a,/3 € C. Using ([X, 7], [a,y6]) as 
bi-homogeneous coordinates, we obtain coordinates {xi,yi) of Uj ^ glued by 

y3=y~[\ 3^4 =3^2^ y2 = x'lyi, y4 = xl"y3. 
For a curve C on F„, its restriction to Us is defined by F{xs,y3) = for a 
polynomial F of xs,yT,. This identifies H^{La^b) for a,b > with the following 
linear space of polynomials, up to constant: 

(2.5) jg f{xs)yr, dtgf <b + m| . 

If C € ILa fol is defined by YjI fi{x?!)ys'' - on Us, then on U\ (resp. U^^, U2) it is 

defined by T,ifiixi)y\ = (resp. I^i fiix'^yx'^^'X'' = 0' T^i M^i^H'^'yi = 0)- 

In the rest of this section we assume n > 0. Then the automorphism group 
Aut(F„) preserves X so that we have the natural exact sequence 

(2.6) \^R^ Aut(F„) ^ Aut(I) ^ 1 
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where R = Aut(£„)/C^. When n is even, this sequence splits because £„ admits a 
PGL2-Iinearization. Using the original splitting of &„, we may describe R as 

(2.7) /? = |g„, jj, a€C^^€Hom((9p.,(9p.(?^))|. 

In particular, /? ^ x C+i. If 5 e //"(OpiCn)) is expressed as ^ = X"=o ■^iX'Y"-', 
then in the coordinate (x3,3'3) of the action of g^^s is expressed by 

n 

(2.8) : U3 B (x3,b) (-^3, ay3 + ^ /i/^) ^ ^3. 

(=0 

Later we will use the following automorphisms expressed in terms of the coor- 
dinates: 

(2.9) V : t/3 3 (X3,B) ^ 0Sx3,3;3) e [/3, yS € C^ 

(2.10) t : [/3 3 (X3,3;3) (X3,3;3) e [/4, 

(2.11) u : U2 s ix2,y2) ^ (X2 + A,y2) € U2, Ae C. 

In p.lO| ) the second (x3,3'3) is the coordinate in U4. These (rational) maps actually 
extend to automorphisms of F„. Note that they all preserve Hq. We can use xt, = 
as an afiine coordinate of Ho -1, to see their action on Ho - E. 
We will need to know the action of Aut(F„) on some spaces. 

Lemma 2.6. The group Aut(¥ „) acts onV,j (resp. F„x2, F,jXF,i) cilmost transitively 
with the stabilizer Gofa general point being connected and solvable. 

Proof. The almost transitivity is checked immediately. Let pi denote the point 
{xi,yi) = (0,0) in Ui. We may normalize a general point of F„ (resp. F„ x E, 
F„ X F„) to be pi, (resp. {p3,p2), {p3,p4)). In view of the exact sequence 

(2.12) O^GnR^G^ Im(G ^ Aut(I)) ^ 1, 

it suffices to show that both Gi = G OR and G2 = Im(G Aut(E)) are connected 
and solvable. In the case of F„, G2 is the stabilizer in Aut(Z) of pi and hence 
isomorphic to x C, while Gi is {ga^s £ R, s{[0, 1]) = 0) which is isomorphic to 
X C". In the case of F„ x E, G2 is the stabilizer of the two ordered points (pi, P2) 
and thus isomorphic to C^, while G\ is the same as the case of F„. Finally, in the 
case of F„ X F„, G2 is the same as the case of F„ x E, and Gi is {ga^s £ R, \\) - 
s{[l,G\) = 0} which is isomorphic to k C"~^ □ 

Lemma 2.7 (cf. ifTSll ). We have the following. 

(1) Aut(F„) acts on \Lo^i\ - S transitively with connected and solvable stabilizer 

(2) Aut(F„) acts transitively on the open locus in |Li ol of smooth curves. IfG is 
the stabilizer of Hq € |Li ol, the natural homomorphism G Aut(X) is surjective 
with the kernel {gafi, a eC^}. 

(3) Let U c |L2,ol be the open locus of smooth curves. A geometric quotient 
?7/Aut(F„) exists and is naturally isomorphic to the moduli space "Hn-i ofhyperel- 
liptic curves of genus n - I. 
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Finally, let C c F„ be a curve in |L2,o| disjoint from X (not necessarily smooth 
nor irreducible). We let 

(2.13) tc:F„^F„ 

be the involution of F„ which on each ;r-fiber F exchanges the two points C\f 
(or fixes C\f when they coincide) and fixes the one point This extends the 
hyperelliptic involution of C. The fixed locus of ic is written as // + E for a smooth 
H e |Li o|. We thus have the Aut(F„)-equivariant map 

(2.14) ^ : |L2,ol -H^i,ol, C^H, 

which will be used repeatedly in this article. The section H must pass through the 
singular points of C. If we normalize H to be Hq, the involution tc is given by 
(x3,3'3) i-> {xt,, -3^3) in the coordinate. Therefore, we have ^(C) - Hq if and only 
if the equation T^^^q fii^3)yl ' = of C satisfies /i = 0. 

3. ElSENSTEIN ^"3 SURFACES 

3.1. Eisenstein ^3 surfaces. Let X be a complex ^^3 surface with an automor- 
phism group G c Aut(X) of order 3 which acts on H^{Kx) faithfully. We shall 
call such a pair (X, G) an Eisenstein K3 surface. We first review basic theory of 
Eisenstein K3 surfaces following lO, ETl and H. Let 

(3.1) L{X,G) = H^{X,Zf 
be the lattice of G-invariant cycles, and let 

(3.2) E(X, G) = L{X, G)^ n H^{X, Z) 

be its orthogonal complement. The presence of G automatically implies that X is 
algebraic, so that L(X, G) is a hyperbolic lattice. We shall denote by r the rank of 
L(X, G). By the relation ( |3.2[ ), the discriminant forms of L(X, G) and E{X, G) are 
canonically anti-isometric ([22 1): 

(3-3) (Al(X,G).^L(X,G)) - {^E(X,G),-qE(X,G))- 

By 131, ETl these discriminant groups are 3-elementary, namely At(x,G) - {'^I'i'ZY 
for some a > 0. 

By the definition, the group G acts on ^(X, G) with no non-zero invariant vector. 
Therefore, by choosing the distinguished generator p e G acting on H^\Kx) by 
^2m/3^ the even lattice E{X,G) is canonically endowed with the structure of an 
Eisenstein lattice in the sense of ^2.1[ Moreover, since G acts on L(X, G) trivially, 
it acts on Ae(x,g) trivially by p.3[ ). Our usage of the terminology "Eisenstein ^^3 
surface" comes from the viewpoint that E{X, G) plays a fundamental role in the 
theory of such ^3 surfaces. 

Artebani-Sarti [ 3 | and the third-named author ETl classified Eisenstein ^3 sur- 
faces in terms of the pair (r, a). 

Proposition 3.1 (IS, ETl ). The fixed locus X^ of an Eisenstein K3 surface (X, G) 
is of the form 

X"^ = auF,U---UFuU{pi,--- ,pn} 
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where is a genus g curve, Fi are {—2)-curves, and pj are isolated points with 



(3.4) 



22 ■ 



2a 



k = 



2 + r - 2a 



n = 



4 4 2 

In the case {r, a) = (8, l)for which {g, k) = (0, -1), this means fixed locus consist- 
ing of 3 isolated points and no curve component. 

Theorem 3.2 (Q, II27II ). The deformation type of an Eisenstein K3 surface {X, G) 
is determined by the invariant (r, a). All possible (r, a) are shown in Figure^ 




2 4 6 8 10 12 14 16 18 20 



Figure 1 . Distribution of invariants (r, a) 



In other terms, Theorem 3.2 says that the deformation type of an Eisenstein 
K3 surface {X, G) is determined by the Eisenstein lattice E{X, G), which in turn is 
determined by the signature (2, 20 - r) and a - 1{Ae(x,g))- 

Lemma 3.3 (cf. 1 3 1). An indefinite Eisenstein lattice {E, p) is isomorphic to E{X, G) 
for an Eisenstein K3 surface {X, G) if and only if E can be primitively embedded 
into the K3 lattice Ak3 = 9 E-^ as an even lattice, and p acts trivially on Ae- 

Proof. Let E c Ak3 be such an Eisenstein lattice, which must have signature (2, s) 
for some even number s. Let L = E-'- D Aks- By our assumption, p extends to an 
isometry of Ak3 by acting trivially on L. We shall denote that extension also by p. 

LetE^C - V© y be the eigendecomposition for p, where p acts on V by e^"'^^. 
We choose a point Cto e ¥V such that {a>, oj) > and (co, 6) for any (-2)-vector 
6 e E. Since (a>, co) = 0, by the surjectivity of the period mapping we can find a 
^3 surface X for which we have a Hodge isometry H^{X,Z) (A/f3,C(i>). 
Composing O with some reflections with respect to (-2)-curves on X, we may 
assume that 3)"^(L) contains an ample class of X. Then by the Torelli theorem we 
have an automorphism g of X with g* = o p o O. By the construction, g is 
non-symplectic of order 3 and we have a Hodge isometry O : E{X, (g)) (E, Cto) 
preserving the Eisenstein structures. □ 
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By Theorem |3.2| and Lemma |3.3[ the deformation types of Eisenstein Kli sur- 
faces are in one-to-one correspondence with the isomorphism classes of Eisenstein 
lattices E as in Lemma |3.3[ and Figure [T] may be regarded as classifying such 



Eisenstein lattices. Moreover, the proof of Lemma 3.3 tells that for two such Eisen- 
stein lattices E, E' c Kkj, with the same invariant (r, a), there exists an isometry 
7 e 0{Kk3,) such that y|£ gives an isomorphism E ^ E' of Eisenstein lattices. 
Here we list concrete forms of the Eisenstein lattices E for each fixed g: 



A2(-l)®A^-i, g = 

A2(-l)©Af i®£8, g = 2 

t2 



U^®A",®E8, g = 3 

a- 
2 



A2(-l)®Ari ®£2 



U^®El g = 5 

Next we study a relationship between the invariant lattice L{X, G) and the fixed 
locus . Let X ^ X be the blow-up at the isolated fixed points p\, - ■ ■ ,Pn of G, 
and Ei c X the (-l)-curve over The G-action extends to X with the fixed locus 

= + Fi + ■ ■ ■ + Fk + El + ■ ■ ■ + En. 

We shall denote L(X,G) = H'^{X,Z)^, which is freely generated by L{X,G) and 
El, - ■ ■ ,E„. Since X^ is a curve, the quotient surface Y = X/G is smooth. It is easy 
to see that Y is rational. Let f: X ^ Yhe the quotient morphism. Substituting the 
relation ~ X, Ej into the ramification formula for /, we obtain 

k n 

(3.5) -f*K^-ia + lY^Fi + Y^Ej, 

i=i j=\ 

which we regard as a relation among the curves C^, F,, Ej in L(X, G)I f*NSy. 

Proposition 3.4. The invariant lattice L{X,G) is generated by the sublattice 
f*NSY and the classes of the fixed curves C^, Fi, Ej. 

Proof. First note that f*NSy has the same rank as L{X,G). Both L{X,G) and 
f*NSY ~ NSfO) have 3-elementary discriminant groups of length a, rkiNSf) 
respectively. Since 

rkiNSf) - rk(L(X, G)) ^ r + n, 
the sublattice f*NSy is of index 3('-+«-«)/2 in L(X, G). We have =k + nhy 



( 3.4 1, so that the assertion reduces to the following lemma. □ 



Lemma 3.5. Up to ±1, (3.5) is the only relation among {C^, Fi, Ej]ij in the vector 
space L(X, G)/f*NSy over Z/3Z. 
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Proof. Let 

(3.6) aa + PiPi + Z ^i^i = ^' ^ 

be a relation among a,Fi,Ej in L(X,G)irNSy. Since fJ*NSy = 3NSy, we 
apply /* to ( |3.6| ) to obtain 

(3.7) aflC^ + Y,Pif*Pi + Z ^ ^ NSy/3NSy. 

' j 

We can identify NSy/3NSy with //2(>',Z/3Z) by the Poincare duality and the 



universal coefficient theorem. Therefore p.7| ) gives an element of the kernel of the 
map 

(3.8) f, : H2{X^, Z/3Z) ^ H2{Y, Z/3Z). 

Regarding X*^ as a curve on 7 naturally, p.8| ) fits into the homology exact sequence 
for the pair (7, Z^): 

> H-ii?, X^,Z/3Z) H2{X^,Z/3Z) 4 H2(Y,Z/3Z) ■ ■ ■ . 

Then we have hT,{Y,X^, Z/3Z) = 1 by |4] Lemma 2.5. This proves our claim. □ 

3.2. Moduli spaces. Let (r, a) be an invariant in Figure [T] We fix an Eisenstein 
lattice iE,p) of signature (2, 20 - r) such that Ae ~ (Z/3Z)" and that p acts on 
trivially. Let E®C = V9Vhe the eigendecomposition for p where p acts on V 
by e^"'^^. We extend the symmetric bilinear form (, ) on £ to a C-bilinear form on 
E ®C . Then the Hermitian form on V defined by (v, w) for v,w e V is isometric 
to £■ (g) R and thus has signature (1, 10 - |). Therefore the domain 

(3.9) Se = {Ceo e FV, {co, oj) > 0) 

is a complex ball of dimension 10 - |. The unitary group U(£') of E acts on S^. 
We define a complex analytic divisor in Se by 'H = ^s^''' where 6 range over 
(-2)-vectors in E. Then we consider the open ball quotient 

(3.10) M,-,« - U(£)\(S£ - m 

which is a normal quasi -projective variety of dimension 10 - |. 

Let {X, G) be an Eisenstein K3 surface of invariant (r, a). By Theorem 3.2 there 
exists an isomorphism <1) : E{X, G) ^ E of Eisenstein lattices. Then (^{Er^X)) is 
contained in Se - 'H, and we define the period of {X, G) by 

(3.11) nX, G) = [(D(//2.0(X))] 6 Mr,a, 

which is independent of the choice of 

Theorem 3.6 (cf. fi\, p'l). The variety A\r,a is the moduli space of Eisenstein K3 
surfaces of type {r,a) in the following sense. 

(1) For any family {?( U, G) of such Eisenstein K3 surfaces over a variety U, 
the period map "P: U ^ Mr,a is o morphism of varieties. 

(2) Via the period mapping the points ofMr,a are in one-to-one correspondence 
with the isomorphism classes of such Eisenstein K3 surfaces. 
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Proof. That the period maps are morphisms is a consequence of Borel's extension 
theorem Q. The surjectivity of the period mapping is proved in |^] (cf. the proof 



of Lemma 3.3 1. Here we shall supplement the proof of the injectivity, which is 



absent in |i3j|, ||4j|. We begin with the following basic lemma. 

Lemma 3.7. Let {X,G) be an Eisenstein K3 surface and let W{X) be the Weyl 
group of NS X generated by {-2) -reflections. For every I € L{X, G) with (/, /) > 
there exists w e W{X) commuting with the G-action such that either wQ.) or -wQ) 
is nef. 

Proof. This is analogous to Q Proposition VIII 21.1. We may assume that {I, ho) > 
for an ample class ho e NS x- Let D c X be a (-2)-curve with (/, D) < 0. Then 
for a generator p e G we have {D,p{D)) < 0. If not, the effective divisor class 
C = D + p{D) + p~\D) in L{X, G) would have norm > and satisfy (/, C) < 0, 
which is a contradiction. Therefore D is either preserved by G or disjoint from 
p{D). In the former case we apply to / the reflection with respect to D, which 
commutes with the G-action. In the latter case the three curves D, p{D) and p"^(D) 
are pairwise disjoint. Then we apply to / the composition of the three reflections 
with respect to these curves, which also commutes with the G-action. As in [5], 
this process will terminate and / will be finally mapped to a nef class. □ 

Returning to the proof of Theorem |3.6[ we let two Eisenstein ^3 surfaces 
{X,G),{X' ,G') of type (r, a) have the same period in Mr,a- This means that we 
have an isomorphism y : E{X,G) E(X',G') of Eisenstein lattices preserving 
the Hodge structures. We want to extend y to a Hodge isometry O : H^{X, Z) 
H-^(X',Z). Since L{X,G) and L(X',G') are isometric, by a standard argument of 
discriminant group (cf. ||22J) it suffices to show that the natural homomorphism 
0(L(X,G)) ^ 0(Al(x,g)) is surjective. When (r,a) t (2, 2), (4, 3), (8, 7), we have 
r > <3 -I- 2 so that the assertion follows from lf22l Theorem 1.14.2. The case 
(r, a) = (2, 2) is easily checked. For the remaining two cases, we may resort to 
113. Thus we obtain a desired extension O of y. By the above lemma we may 
compose <1> with a G-equivariant w e W{X) so that O o w preserves the ample 
cones. By the Torelli thorem we have an isomorphism ip: X' ^ X with ip* = $ o w. 
Then (p is Z/3Z-equivariant because <p* is so. Therefore (X, G) is isomorphic to 
(X',G'). □ 

We set g = \{22 - r - 2a) as in p.4[ ). Let Mg be the moduli space of genus g 
curves. When g > 0, we have the. fixed curve map 

(3. 12) Mr,a Mg, {X, G) ^ C^, 

where is the genus g curve in X^. This map will be analyzed for some At,-,a in 
the rest of the article. 

3.3. Marked Eisenstein ^3 surfaces. We define a Galois cover of Mr^a which 
will be used in the degree calculation for certain period maps (^4.3|). Let E be the 



Eisenstein lattice used in the definition (3.10l of Mr,a- The natural homomorphism 
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U{E) 0(Ae) is surjective by Corollary [23] (for (r, a) + (8, 5), (10, 4)) and Propo- 



sitions 



9.1 



9.4 



(for (r, a) = (8, 5), (10, 4) respectively). Let U(£) be the kernel of 
U(£') — > 0{Ae). We consider the ball quotient 

(3.13) Mr,a^'U{E)\!BE, 

which is a Galois cover of Mr,a- The Galois group is the quotient of 0{Ae) by ±1. 
In particular, the degree of the projection A1,,a Mr,a is given by 



(3.14) 



|0(A£)|/2, a>0, 
1, a = 0. 



Since (Ae, qE) is a finite quadratic form in characteristic 3, we can calculate |0(A£')| 
by referring to, e.g., [8|. We shall use the following standard notation for orthogo- 
nal groups in characteristic 3: G0(2m -i- 1, 3), G0^(2m, 3) and G0"(2m, 3). 

The ball quotient Mr^a is birationally a moduli space of Eisenstein ^3 surfaces 
with marking of its invariant lattice. We fix an even hyperbolic 3-elementary lat- 
tice L of rank r and l{Ai) = a, a. primitive embedding L c Ak3, and an isome- 
try £■ - L""- n Ak3 of quadratic forms. We extend the Z/3Z-action on E to Ak3 
by the trivial action on L. Suppose that we are given an Eisenstein K3 surface 
iX,G) with an isometry j: L L{X,G) of quadratic forms. By the surjectiv- 
ity of U(£') — > 0(A£)[j the embedding j extends to a Z/3Z-equivariant isome- 
try (J) : Ak3 — > H^iX, Z). Since the restriction of O to L is fixed, the isometry 
(^\e : E E{X, G) is determined up to the action of U(£') by [22]. Then we define 
the period of the Eisenstein K2> surface {X, G) with the lattice-marking j by 

(3. 15) mX, G), j) - [O|^l(//2.0(X))] € Mr,a. 

Clearly, two such lattice-marked Eisenstein ^^3 surfaces {{X,G),j), ((X' ,G'), f) 
have the same !P-period in Mr,a if and only if there exists a Z/3Z-equivariant Hodge 
isometry H\X,Z) H^{X',Z) with ^ o j = f. The open set of Mr,a over 
Mr^a parametrizes such equivalence classes of Eisenstein A'3 surfaces with lattice- 
marking. 

4. Triple cover construction 

4. 1 . Mixed branch. We develop triple cover construction of Eisenstein K3 sur- 
faces in a moderate generality sufficient for the proof of Theorem |1.1[ We propose 
the notion of mixed branch as an analogue of DPN pair [ 1], that is, singular branch 
curve on smooth surface. The key idea is to distinguish the branch components 
turning to isolated fixed points from those components turning to fixed curves by 



coefficient of divisor. The formality of the resolution process ( |4.1[ ) works keeping 
this geometric idea. 



^ For 39.1 



and 5 9.2 



If the surjectivity of \}(E) — > 0{Ae) is yet uncertain at this moment, one 
should consider only those ({X,G),j) such that j can be Z/3Z-equivariantly extended to A^s — » 
H^{X,Z). In this case, the Galois group of Mr,a Mr,a is a priori just a subgroup of 0{Ae)/ ± 1 (but 
in fact the whole 0(Ae)/ ± 1). 
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Definition 4.1. Let 7 be a smooth rational surface. A mixed branch on 7 is a Q- 
divisor B - B\ + 5S2 linearly equivalent to - \Ky, where Bi, B2 are reduced curves 
having no common component, with the following properties. 

(1) Sing(Bi) are at most nodes, cusps, tacnodes and ramphoid cusps. 

(2) B2 is a union of rational curves, and its singularities (if any) are only ordinary 
triple points disjoint from Sing(Bi). 

(3) If B2 passes through a singular point p of B\, then p is a node or cusp of B\, 
and Bi + B2 has more than one tangent at p. 

We call ^B2 the shadow par^of B. The condition (1) comes from the demand 
that the local triple cover around p e Sing(Bi) branched over Bi has only A- 
D-E singularities (see the next ^4.2| ). Let us denote {Bi)sm - B,\Sing(B;)- The 
multiplicity of B at a singular point p of B\ + B2 is classified as follows: 

• 3/2 {p € Sing(B2)\Bi ovpe (BO,™ n (B2).vm) 

• 2 {p€ Sing(Bi)\B2) 

• 5/2 {p € Sing(B2) n Bj or e Sing(Bi) n B2) 

We can resolve a mixed branch B - Bi + |B2 in the following way. Let Y' —> Y 
be the blow-up at a singular point p of Bi+ B2. We define a mixed branch on Y' by 

1 , ~ 1~ 3 
-B'^ = Bi + -B2 + 



(4. 1) B'l + -B^ = Bi + -B2 + (m - -)E, 



where B, is the strict transform of B;, m is the multiplicity of B at p, and E is the 
(-l)-curve over p. One checks that B' = B'^ + jB'^ is linearly equivalent to -jKy 



and satisfies the conditions (l)-(3) in Definition 4.1 Continuing this resolution 



process > (7", B") (7', B'), we finally obtain a mixed branch (7, Bi + |B2) 

with Bi + B2 smooth. We shall call this procedure the right resolution of (7, B). 

Substituting the relation 2Bi + B2 SKy into the adjunction formula, we see that 

every rational component of Bi (resp. B2) is a (-6)-curve (resp. (-3)-curve). Since 
B\ - B2 ~ \Ky + Bi), we can take a cyclic triple cover f: X ^ Y branched over 
Bi + B2 by the following general lemma. 

Lemma 4.2. Let Y be a complex manifold and Di, D2 be disjoint smooth divisors 
on 7 with D\ — D2 ^ JPic(7). Then there exists a cyclic cover X — > 7 of degree d 
branched over D\ + D2. 

Proof. As usual, we choose a line bundle L with an isomorphism L®'^ - <9y(Di - 
D2). We compactify the total space of L to L - P((9y ® L) (adding 00 to each 
fiber). If 5 is a meromorphic section of L®'^ with div(5) = D\- D2, then the divisor 
{v € L, v'^'' = 5) in L gives the desired covering. □ 

By a similar argument as in Q Lemma 1.17. 1, we have 

f*{Ky + Bi) ~ f-\Bi) - r\B2), 



^ One might draw ^62 as a half-transparent curve. 
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where / (Bi) denotes the reduced inverse image. By the ramification formula we 
obtain 

~ f*K^ + 2r\B, + B2) ~ f-\B2). 

The divisor /"H^i) is a disjoint union of (-l)-curves. Blowing them down, we 
obtain a surface X with Kx - Ox, namely a /TS or abelian surface. The Z/3Z- 
action on X ^ F equips X with a non-symplectic symmetry G of order 3. The 
abelian case does happen, but is quite rare. Specifically, 

Lemma 4.3. The surface X is abelian if and only if B\ = and B2 has nine 
components. 

Proof If X is abelian, the fixed locus X^ is either isolated points or disjoint elliptic 
curves (cf. lH). In the latter case the quotient X/G is again an abelian surface, 
which is out of the present situation. In the former case we have IX*^! - 9 by [6l 
Example 13.2.7, and thus B2 has nine components and B\ is empty. Conversely, if 
B\ -0 and B2 has nine components, X cannot be K3 by Figure[T] □ 

When X is a A'3 surface, we thus obtain an Eisenstein A'3 surface associated to 
the mixed branch (F, Bi + ^62)- 

Let £ c F be one of the following types of (-l)-curves: 

• those E transverse to By + B2, 

• components E of Bi with (E.B2) = 1; 

• components E of B2 which are disjoint from other components of 62- 

If tt: F ^ F is the blow-down of E, then (F, 7r(Bi) + jn(B2)) is again a mixed 



branch. Thus, with the blow-up rule (4.1 1, our notion of mixed branch allows flex 



ibility of birational transformation to some extent. But it is not preserved by every 
blow-down, due to the conditions on singularity: this is a defect of our (tentative) 
notion. We could also extend it by allowing any blown-down image of smooth 
mixed branch (cf. ^9.1| ), but with less effectivity at present. Anyway, the above 
generality is handy, and enough for giving canonical construction of general mem- 
bers of most Mr,a- 

Actually, for seventeen Mr,a we will use mixed branch with no shadow. Thus in 
the next subsection we shall be more specific in that case. 

Remark 4.4. We were led to th e notion of mixed branch by tracking resolution of 
-|^F„ -curves on F„ (see §4.2i. It seems that the rule (|4.1[) would also explain the 



resolution process in |!24| for certain singular del Pezzo surfaces, by detecting the 
shadow part B2 by discrepancy. 

4.2. Anti-tri-halfcanonical curves on Hirzebruch surfaces. A mixed branch 
with no shadow is just a reduced curve B ~ -jKy with at most nodes, cusps, 
tacnodes and ramphoid cusps as the singularities. Since 3Ky € 2Pic(F) and |-|^f| 
contains a reduced member, F must be a Hirzebruch surface F„ with n € {0, 2, 4, 6). 
In this case, we have B e 3Pic(F„) so that we may take a cyclic triple cover X F„ 
branched over B. Looking at the local equations of the singularities of B, we see 
that the singularities of X (lying over Sing(B)) are as follows: 
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• A2 -points (z^ = +y^) over nodes (x^ = 0), 

• D4-points (z^ = x^ + y^) over cusps (x^ +y^ = 0), 

• £6 -points (z^ = x^ + y"*) over tacnodes (x^ +y'* = 0), 

• Sg-points (z^ = x^ + y^) over ramphoid cusps {x^ +y^ = 0). 

In particular, X has only A-D-E singularities. Since Ki^ ~ O^, we can resolve 
Sing(X) to obtain a K3 surface X with a non-symplectic symmetry G of order 3. 



{X cannot be an abelian surface by Lemma 4.3 ) It is clear that this Eisenstein K3 
surface (X, G) coincides with the one obtained in §4.1 using resolution of B. A 
virtue in the present situation is that we have a natural projection /: X ^ F„. 

Let L € Pic(F„) be the bundle Li o (resp. OfqCL 1)) when n = 2,4,6 (resp. n = 
0). The subspace f*H^(L) c H^(f*L) is the eigenspace for G with eigenvalue 1. 
The morphism X f*\L\^ associated to the linear system f*\L\ is the composition 
of / and the morphism F„ |L|^ associated to L. The last one is the contraction 
of the (-?i)-curve S (resp. an embedding) when n > 2 (resp. n = 0). Checking that 
f*\L\ c \ f*L\ has strictly larger dimension than other two eigenspaces, we have the 
following useful 

Lemma 4.5. Let B,B' e | - ^Kp^ \ be as above, and {X, G), (X', G') be the associ- 
ated Eisenstein K3 surfaces with the projections f: X ¥„,f': X' F„. If we 
have an isomorphism ip\ {X,G) — > {X' ,G') with (p*{f')*L - f*L, then we have an 
automorphism tfj ofF„ with f o ip = if/ o f. 

Let us describe the configurations of curves lying over the singularities of B. 
Let {Y, B\ + ^^2) be the right resolution of (F„, B) and X ^ F be the triple cover 
branched over B\ + B2. Let be a singular point of B. Following the blow-up 



procedure (4.1 1, we see that the dual graph of the curves on Y contracted to p is, 



according to the type of singularity, as follows. 
A2 O-i^—O 



D. 



4 





Figure 2. Dual graphs of exceptional curves on Y 

Here a white circle represents a (-l)-curve; a black circle represents a (-2)-curve 
(disjoint from B\ + B2); a double circle represents a (-6)-curve (a component of 
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Bi); and a star represents a (-3)-curve (a component of 82). The reduced inverse 
images of those curves hy X ^ Y are respectively a (-3)-curve; three disjoint 
(-2)-curves; a (-2)-curve; and a (-l)-curve. Blowing-down the last (-l)-curves, 
we obtain the configuration of exceptional curves of the resolution X ^ X over 
p. Its dual graph Tp (isomorphic to the Dynkin graph of A2-, D4-, E^- or fg-type) 
is obtained from the graph in Figure [2] by multiplying the black circle thrice and 
contracting the stars. Thus the stars turn to isolated fixed points of G, and the 
double circles turn to fixed curves. When p is a. cusp, G acts on Tp by the cyclic 
permutations; in other cases G acts on Tp trivially. 

One should note that, when p is a node or tacnode, there are two identifications 
of our geometric dual graph Tp with the abstract A2- or f'e-graph. A choice of such 
an identification corresponds to a labeling for the two branches of B at p. On the 
other hand, when pis a ramphoid cusp, such an identification is unique. 

From these we can compute the topological invariants of {X, G) as follows. Let 
^0+ 1 be the number of components of B, and let a2,d4, eg and denote the number 
of nodes, cusps, tacnodes, and ramphoid cusps of B respectively. Then the number 
k + I of fixed curves of {X, G) is given by 

k = + + 2^8, 

and the number n of isolated fixed points of {X, G) is given by 

n = a2 + dn + 3^6 + 4^8- 

The rank r of the invariant lattice L{X, G) is the Picard number of Y minus n, which 
is given by 

r = 2 + 2a2 + 2d4 + 6ee, + Se^. 

In the rest of this subsection we work under the following "genericity" assump- 
tion: 

(4.2) Sing(B) does not contain cusp. 

Then for a singular point p € B,we denote by Ap c NS x the root lattice generated 
by the exceptional curves of the resolution X ^ X over p. As observed above, 
Ap is contained in the invariant lattice L{X, G). Let B = be the irreducible 

decomposition of B, and c X be the fixed curve of G with /(F,) = B,. 

Proposition 4.6. The invariant lattice L{X,G) is generated by the sublattice 
f*NSw^^ ® (®pAp), where p e Sing(B), and the classes of Fu < i < ko- 



Proof. By Proposition 3.4 and Figure [ij the invariant lattice L{X,G) for {X,G) is 



generated by f*NSv„ ffi (®pAp), the classes of Fj, and the classes of exceptional 
curves ofX^X. □ 

Let us emphasize (again) that when p is a ramphoid cusp, we have a unique 
isometry Ap that maps the natural root basis to the classes of (-2)-curves, 

while when pis a. node (resp. tacnode), we have two such natural isometrics A2 
Ap (resp. E(, Ap) corresponding to the two labelings of the branches of B at p. 
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Finally, we shall construct an ample class in L{X, G) using the above objects. We 
denote by e; the root basis of the E(,- and Sg-lattices according to the following 
numberings for the vertices of the E^- and -graphs: 



1+ 2+ 3 2- 1- 7 6 5 4 3 2 1 

For a tacnode p € Sing(B), let Dp e Ap be the image of + Y}i=i + ^i-) 

by either of the natural isometrics ^ Ap; For a ramphoid cusp p e Sing(B), let 
Dp e Ap be the image of Xf=i 3^~'e,- by the natural isometry E^ Ap. 

Lemma 4.7. For an arbitrary ample line bundle L e Pic(F„), the class 

32Vl + 3"'|;f, + 2]Dp, 

where p run over tacnodes and ramphoid cusps ofB, is ample. 

Proof. Check the Nakai criterion. □ 



4.3. Degree of period map. As in §4.2 let F„ be a Hirzebruch surface with n € 



{0, 2, 4, 6). Suppose we have an irreducible, Aut(F„)-invariant locus U c \ - ^Kf^^ \ 
such that (i) every member B„ e U has only nodes, tacnodes and ramphoid cusps 
as the singularities, and (ii) the number of singularities of B„ of each type and 
the number of components of B,, are constant. Then the Eisenstein ^^3 surfaces 
associated to (F„,Bi() have constant invariant (r, a), and we obtain a period map 
p: U ^ Mr^a as a morphism of varieties. Since this construction is invariant under 
Aut(F„), the morphism p descends to a rational map 

(4.3) r : [//Aut(F„) -» M,,„. 

Here ?7/Aut(F„) stands for a rational quotient, i.e., an arbitrary model of the in- 
variant field C(?7)^"'^'^"\ In this subsection we shall explain a systematic method 
to calculate the degree of f, which is a fundamental in this article. It is parallel to 
the one in the involution case JTSl . though some points need to be modified. 



We use the Galois cover Mr,a of Mr,a defined in ( |3.13| ). Recall that an open 
set of Mr,a parametrizes the equivalence classes of lattice-marked Eisenstein A'3 
surfaces {{X, G), j), where j is a marking of the invariant lattice L(X, G) by some 
reference lattice L. For the calculation of deg(;P), we define a certain cover U of U 
and construct a generically injective lift 

P : t//Aut(F„)o -> Mr,a 

of P, where Aut(F„)o is the identity component of Aut(F„). We then compare the 
two projections ?7/Aut(F„)o ?7/Aut(F„) and Atr,a Mr,a- More precisely. 
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we define a cover U ^ U parametrizing curves B„ € U endowed with rea- 
sonable labelings /j. of the singularities, the branches at nodes and tacnodes, 
and the components. 



Proposition 4.6 implies an appropriate definition of the reference lattice 
L. Then for each {Bu,fJ.) € U, the labeling /u naturally induces a lattice- 
marking j: L ^ L(X, G) for the Eisenstein A'3 surface {X, G) = p{Bu). 



Considering the period of {(X,G),j) as defined in ( |3.15| ), we obtain a lift 
p: U ^ Mr,a of p. 

We check that p is invariant under Aut(F„)o, which acts trivially on NSf^. 
Thus p descends to a rational map P: U /Aut(F„)o Mr,a which is a lift 
of!P. 

We show that P is generically injective by proving that the ^-fibers are 
Aut(F„)o-orbits. If two {Bi„fi),{Bi,',fj.') e U have the same ^-period, 
we have a Z/3Z-equivariant Hodge isometry O: H^{X',Z) H^{X,Z) 
preserving the lattice-markings for the associated Eisenstein K3 surfaces. 
Then O preserves the ample cones by Lemma |4.7[ so that we obtain an 
isomorphism ip: X ^ X' with ip* = by the Torelli theorem. The iso- 
morphism (fi is Z/3Z-equivariant because (f* is so. Using Lemma 4.5 we 
see that cp induces an automorphism ij/ of F„ with i]/ o f = f o ip, where 
f : X ^ ¥n, f : X' ^ F„ are the natural projections. Then i/^ acts trivially 
on A'^^'f,, and maps {Bu,iJ.) to {Bu',p'). This verifies our assertion. 
Now assume that ?7/Aut(F„) has the same dimension as Mr,a- Since Mr,a 
is irreducible, P is then birational. Therefore deg(;P) is equal to (|3.14[) 



divided by the degree of the projection ?7/Aut(F„)o ?7/Aut(F„). The 
latter may be calculated by geometric consideration. 

We shall exhibit typical examples that illustrate how this recipe actually works 
and how one should define U and P, which is left ambiguous in the above expla- 
nation. In the rest of the article the recipe will be applied over and over. To avoid 
repetition we will leave the detail of argument there, which can be worked out by 
referring to the examples below as models. 



Example 4.8. We consider curves on the Hirzebruch surface ¥(,. Let U c |L2,ol 
be the locus of irreducible curves having three nodes and no other singularity. For 
C e U vje associate the -^Kf^-cmve C + 1,. By the triple cover construction this 
defines an Eisenstein K3 surface (X, G) of invariant (g, k) = (2, 1), and we obtain a 
period map !P: U/Aut{¥(,) Al8,3- 

Let / : X ^ Fe be the natural projection. By Proposition 4.6 the invariant lattice 
L{X,G) is generated by f*NS^^ ^ UO), three copies of the A2-lattice obtained 
from the nodes of C, and the classes of fixed curves. In view of this, we shall define 
a reference lattice L as follows. Let M be the lattice U{3) ®A}^ with a natural basis 
{u, V, e\+, e\-, ■ ■ ■ , es-}, where [u, v) are basis of U{3) with (m, u) = (v, v) = and 
(u, v) = 3, and are root basis of the i-th A2-lattice with et-) = 1. We 

define vectors /o, /i e by 3/o = 2{u -i- 3v) - 3 + ^i-) and 3f\ = u- 3v. 
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Then let L be the overlattice L - (M,fo,fi), which is even and 3-elementary of 
invariant (r, a) = (8, 3). 

In order to calculate degCP), for C e U we first distinguish its three nodes, 
and then the two branches at each node. This is realized by an S3 x (62)^ -cover 
U ^ U. Explicitly, U may be defined as the locus in U x (PrFg)^ of those 
(C, vi+, vi_, • • • , V3_) such that v,+ and v;_ are the two tangents of C at a node, say 
Pi, and that SingC = {pi, P2, Ps)- This labels the nodes and the branches at them 
compatibly. Accordingly, we denote by Ei± c X the (-2)-curve lying over the 
infinitely near point v;+ of /?,•. Then Ei+ and form a root basis of the A2-lattice 
over Pi. The fixed curve of (X, G) is decomposed as Fq + F\ such that Fq (resp. 
F\) is the component with /(Fq) - C (resp. f{F]) = E). Then we have a natural 
isometry j: L ^ L{X,G) by sending j{a{u + 3v) + bv) = f*La^b, i{ei±) - {Ei+\, 
and i{fi) - {Fi\. In this way we associate a lattice-marked Eisenstein ^3 surface 
{{X, G), j) to (C, v,+). This defines a morphism p: U ^ Alg.a, which descends to a 

lift^: U/Aut{¥e) -> 7^8,3 of !P because Aut(F6) acts trivially on A^^Fs- 

We shall show that the ^-fibers are Aut(F6)-orbits. If p{C,Vi+) - p{C',v'.^) 

for two (C, Vi±), (C, v^_^) € U, there exists a Z/3Z-equivariant Hodge isometry 
<D: H\X',Z) H\X,Z) with (Do / ^ j for the associated {{X,G),j) and 



{{X' ,G'), f). By Lemma 4.7 and the Torelli theorem we obtain an isomorphism 
(p: X ^ X' with (fi* ^ 0). The last equality implies that ip*G' = G, (p{Ei+) = E'.^, 
and (p*iif')* La^b) = f*La,b, where /, Ei± (resp. /', E'._^) are the objects constructed 
from (C, Vi±) (resp. (C, v^^)) as above. Then by Lemma 4.5 we obtain an automor- 
phism (A of Fg with f o (f - ip o f. This shows that i^{vi±) = v'._^. We also have 
tfriC) = C because ip maps the branch curve of / to that of /'. This proves our 
assertion, and hence "P is generically injective. Since dim([//Aut(F6)) = 6, ;P is 
actually birational. 

Finally, we compare the two projections ?7/Aut(F6) ?7/Aut(F6) and Al8,3 
M8,3. The latter has degree |0(Al)|/2, where |0(Al)| = |GO(3,3)| = 2^ • 3! by 
im. On the other hand, the stabilizer in Aut(F6) of a general C € ?7 is generated 
by its hyperelliptic involution lq defined in ( |2.13| ). It follows that ?7/Aut(F6) 
?7/Aut(F6) has degree IS3 « (62)^1/2. Therefore f is birational. 

Example 4.9. We consider curves on F2. Let U c |L2,()| x |Lo,2l be the locus of 
pairs (C, D) where C and D = Di -1- D2 are smooth and transverse to each other. We 
consider the six-nodal - |A'f2 -curves C -1- D -1- X to obtain Eisenstein surfaces of 
invariant (g, k) - (1,3). This defines a period map f : ?7/Aut(F2) M\_a,2- 

We prepare a reference lattice L as follows. Let M be the lattice ?7(3) © 
with a natural basis {u,v,e\^,e\-,- ■ ■ ,6^-} defined in the same way as Example 
We define vectors /o, - • • ,/3 € by 3/o = 2{u + v) - ZtiC^^'r- + <^i+)^ 



3/1 = V - Z.^i(2f'(2,--i)+ + e(2,-i)-), 3/2 ^ V - X-=i(2f'(2i)+ + e{2i)-), and 3/3 ^ 
M - V - ^^^j(2e,-_ -I- Then the overlattice L - (M,fo, ■ ■ ■ ,fj,) is even and 
3-elementary of invariant (r, a) = (14, 2). 

For the calculation of deg(!P), we first distinguish the two components of D, and 
then the intersection points of each component with C. Specifically, we consider 
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the locus U c U X (¥2^ of those (C, D, pi , • • • ,p4) such that {pi}%i = C n D and 
that pi,p3 He on the same component of D. We accordingly denote by Di (resp. 
D2) the component of D through pi,p3 (resp. p2, P4). Thus the components of 
D and the four nodes C n D are labelled compatibly. The projection U ^ U is 
an S2 X (G2)^-covering. The rest datum for C + D + Z are labelled automatically: 
we denote ps = Di D E; p^ = D2 f] E; v,+ the tangent of D at p,-; and v,_ the 
tangent of C + E at /?,. In this way we obtain a complete labeling for C + D + Z. 
Then let {X,G) = P{C,D) and / : X ^ F2 be the natural projection. We denote 
by Ei+ c X the (-2)-curve lying over the infinitely near point v,+ of pi. The fixed 
curve for (X, G) is decomposed as Fq + • • • + F3 such that /(Fq) = C, f{Fi) = Di 
for / = 1,2, and /(F3) = E. As before, we have an isometry j: L ^ L{X, G) by 
j{a{u + v) + bv) - f*La,b, j(ei±) = [£'i±],and = [Fi]. Considering the period of 
((X, G), j), we o btain a hft !P: U /Aut(F2) Mu^ of !P. By a similar argument as 



in Example 4.8 we see that P is generically injective. Since dim(f//Aut(F2)) = 3, 
f is then birationaL_ 

The projection ^14,2 has degree |0(Ai)|/2. Since L is isometric to 

U ® A^, we have |0(Ai)| = 2^ by a direct calculation. On the other hand, a 
general (C, D) € U has no nontrivial stabilizer in Aut(F2) other than the hyperellip- 
tic involution tc of C. Hence the projection f//Aut(F2) ?7/Aut(F2) has degree 
4, and so the map P is birational. 

Example 4.10. Our recipe for - ^/Tf^^ -curves may also be utilized for some general 
mixed branches, via birational transformation. As an illustrative example, let U c 
|C)p2(4)| X |(9p2(l)| be the open set of pairs (C, L) such that C is a smooth quartic 
transverse to the line L. We regard (C, L) as a mixed branch C + |L on P^. By the 
resolution of C + jL, we obtain an Eisenstein ^3 surface of invariant {g, k) = (3, 0). 
This defines a period map P : U /PGL3 At43. 

To calculate deg(f ), let U be the lo£us inU x (P^)"* of those {C,L,pi,--- ,P4) 
such that C n L = {pi}'^^^ The space U is an S4-cover of U parametrizing mixed 
branches C + endowed with labelings of the four intersection points C n L. We 
want to show that P lifts to a birational map U /PGL3 AI43. For that we blow- 
up pi,p2 and then blow-down (the strict transform of) L. This transforms C + \L 
to a one-nodal curve of bidegree (3, 3) on 2 = x P' . The two branches of 
at its node are distinguished by the labeling ip3,p4), and the two rulings on Q are 
distinguished by the labeling ipi,P2)- Specifically, we assign the i-th projection 
2 ^ P^ to the pencil of lines through pi. Conversely, given a general one-nodal 

€ \Oq{3, 3)1, we blow-up Qat p = Sing(C''^) and then blow-down the two ruling 
fibers F\ , F2 through p to obtain a smooth plane quartic C. Let L c be the 
image of the (-l)-curve over p. Among the four points C n L, two correspond to 
the two branches of at p, and the rest two are given by F, n C^\p. Hence the 
four points C n L are labelled after one distinguishes the two branches of and 
the two rulings on Q respectively. Summing up, if V c |<9g(3, 3)| is the locus of 
one-nodal curves and V ^ V is the double cover labeling the branches at nodes, 
we have a natural birational identification U /PGL3 ~ V/(PGL2)^. Here (PGL2)^ is 
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the identity component of Aut(2) preserving the two ruUngs. Now we may apply 
our recipe to V to obtain a birational map V/(PGL2)^ AI43. This gives a desired 
liftt//PGL3 ^M4,3ofP. 

The quotient U /PGL^ is an S4-cover of U/PGLt,, while the Galois group of 
M4,3 M4,3 is 0(Al)/ ± 1 for the lattice L = 0(3) ® A2. We have |0(Al)| - 
|G0(3, 3)1 = 2 • 4! by [8]. Therefore f is birational. 



Remark 4.11. In Example 4.10 we could also apply a variant of the recipe di- 
rectly to the mixed branches C + ^L. Indeed, a labeling of the four points C n L 
defines a marking of the blown-up invariant lattice L{X, G), which induces that of 
L{X,G). The lattice L{X,G) encodes all the relevant geometric informations: (i) 
the G-invariant rational map /: X can be recovered from the line bundle 

f*0p2{l), which is free of degree 4; and (ii) every point of C n L is the image by / 
of a (-2)-curve on X preserved by G. 

Remark 4. 12. In a similar recipe in the involution case |[T8l . one does not label the 
branches at double points. This is a main difference between the two recipes. 

5. The case g = 5 

We begin the proof of Theorem |1.1| We first study the case ^ = 5 using curves 
on the Hirzebruch surface ¥(,. Let U c |L2,o| be the open set of smooth curves. By 



Lemma 2.7 (3), U/Aut(F(,) is identified with the moduli space "Hs of hyperelliptic 
curves of genus 5. For C € U we take the triple cover X ^ ¥(, branched over 
the -j/rpg -curve C + Z. This defines the period map P : "Ks Mifl- Then P is 



injective because the fixed curve map p.l2[ ) for Al2,o gives the left inverse. Since 



dim^Ks = dimAl2,o, then P is dominant (actually isomorphic). Katsylo [i 141 proved 
that 7^5 is rational. Summing up, 

Proposition 5.1. The space M2fl is naturally birational to "Kj and thus is rational. 

6. The case g = 4 

In this section we study the case g = 4. Kondo iflTl proved that Al2,2 is birational 
to the moduli space of genus 4 curves, which is proven to be rational by Shepherd- 
Barron |26|. Here we study the space 

We consider curves on Fg. Let U c |L2,ol be the locus of irreducible one-nodal 
curves. For C e U we take the triple cover of Fg branched over the nodal -^^f^- 
curve C -H Z. This defines a period map P : U /Aut(F6) Al4,i . 

Proposition 6.1. The map P is birational. 

Proof. Let [7 c Ux (VTFef be thelocus of (C, vi , V2) such that {vi , V2) are the tan- 
gents of C at its node. The space f/ is a double cover of U labelling the branches 



at the nodes of C. As in Example 4.8 we will see that P lifts to a birational map 
U/Aut{¥^) Al4,i. Since 0(A/,) = |±1) for the invariant lattice L = A2, we 
actually have At4,i = M4J. On the other hand, we have U/Aut{F(,) = U/Auti¥^) 
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because the stabilizer in Aut(F6) of every C e U contains its hyperelliptic invo- 
lution ic defined in ( |2.13[ ), which exchanges the two branches of C at its node. 



Therefore P has degree 1 . □ 

Proposition 6.2. The quotient U IA\A(¥^) is rational. Therefore Al4j is rational. 

Proof. We perform the elementary transformation at the node of C e U , which 
transforms C to a smooth curve e |L2,ol on F5. This induces the birational 
equivalence 

(6.1) f//Aut(F6) ~ (|L2,ol X |Lo,i|)/Aut(F5). 

By the slice method (cf. |[9l), the right side is birational to |L2,ol/G where G c 
Aut(F5) is the stabilizer of a point of |Lo,i| - 2. Then G is connected and solvable 



by Lemma 2.7 (1), and our assertion follows from Miyata's theorem 1120] . □ 



By ( |6.1| ) and Lemma 2.7 (3), we see that the fixed curve map p.l2[ ) for AI4J 
is a dominant morphism onto the hyperelliptic locus 7-^4 whose general fibers are 
birationally identified with the hyperelliptic pencils. 

7. The case ^ = 3 

7.1. The rationality of M^^j,. Let U c |(9p2(4)| x |(9p2(l)| be the open set of pairs 
(C, L) such that C is smooth and transverse to L. We use the Q-divisors C + 
as mixed branches. The associated Eisenstein K?> surfaces have invariant {g, k) - 



(3, 0). In Example 4.10 we showed that the induced period map iZ/PGLs AI43 
is birational. 

Proposition 7.1. The quotient U /PGL3 is rational. Therefore Al4,3 is rational. 

Proof. Using the no-name lemma (cf. [9]) for the projection |(3p2(4)| x |(9p2(l)| 
|(9p2(4)|, we have U/PGU ~ x (|(9p2(4)|/PGL3). The quotient |(9p2(4)|/PGL3 is 
rational by Katsylo lITSll . □ 

Since |(9p2(4)|/PGL3 is canonically birational to the moduli space M3 of genus 
3 curves, the fixed curve map AI43 — > M3 is dominant with general fibers bira- 
tionally identified with the canonical systems. 

7.2. The rationality of Me,!- We consider curves on ¥(,. Let U c |L2,o| be the 
locus of irreducible two-nodal curves C. Taking the triple covers of Fe branched 
over C 4- S, we obtain a period map P : U/AutiF^) Me,!- 

Proposition 7.2. The map f is birational. 

Proof. Let U c U x(PrF6)^ be the locus of (C, vi 1 , V12, V21 , V22) such that {vij}i,j are 
the tangents of C at its nodes and that vu, V12 share the base points. By U the nodes 
and the branches at them are labelle d co mpatibly. The projection U ^ U is an 



S2 x (S2) -covering. As in Example 4.8 P lifts to a birational map U /Aut(F6) -- 



Me,!- Since the invariant lattice L is isometric to U ® Aj, we have |0(A/,)/ + 1| = 4. 
On the other hand, a general C € U has no stabilizer other than its hyperelliptic 
involution lc, which exchanges the two tangents at each node. Thus the projection 
U/Auti¥e) U/Aut{¥e) has degree 2"i • 2^ Therefore P is birational. □ 
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Proposition 7.3. The quotient U /Aut(F6) is rational. Therefore Aie,2 is rational. 



Proof. As in the proof of Proposition 6.2 we perform the elementary transforma- 
tions at the nodes of C e U. This induces the birational equivalence 

(7. 1) U/Aut{Fe) ~ (|L2,ol x |Lo,2|)/Aut(F4). 

We consider the Aut(F4)-equivariant map 

«A - id) : |L2,ol X |Lo,2l -> |Li,o| x |Lo,2l, (C, Fi + F2) ^ {H, Fi + F2), 



where ip is as defined in ( |2.14| ). By Lemma 2.7 (2), Aut(F4) acts on |Li ol x |Lo,2l 
almost transitively. We normalize H to be Hq in §2.2 and F, to be {x, = 0). Then 
the stabilizer of {Hq, F\ + F2) is given by 



(7.2) 



G = {ga,o}aeC- X ((t) x {/j/j)/JeCx) - X (S2 x C^), 



where ga,Q, l, hp are as defined in ( |2.8| )-( |2?T0l ). On the other hand, we identify 
H^(L2fi) with the linear space [Y^^^o f'^^^^yf''^ (2S_). Then, as explained in 
the end of 5 2.2 the fiber i//'^{Hq, Fi + F2) - (P~^{Hq) is an open set of the linear 
subspace ¥V c \L2fl\ defined by f = 0. By the slice method for tA, we have 

(|Z.2,ol X |Lo,2|)/Aut(F4) ~ FV/G. 

We expand the polynomials /2 as /2(x3) = ^^^q ajXy The generators gQ,_o, t, hj^ 
of G act on V by 



(7.3) 



hp-.y]^ 0^y], x; 



2 2 
t : ^3 ^ 3^3, 



7 0-7 



Thus the G-representation V is decomposed as 

4 



V 



.A-i ,.4+i 



!=0 



If we consider the subrepresentation W = ©^^qVK,- and the subgroup H = (l) x 
{/i/sl/secx, then ¥V/G is birational to ¥W/H. We set W = Wi e W2 and - 
Wo ® ® W4. The projection ¥W - ¥W" ¥W' from W" is an //-linearized 
vector bundle. Since H acts on ¥W' almost freely, we have ¥W/H ~ x (PW///) 
by the no-name lemma. Then ¥W' /H is rational because it is 2-dimensional. □ 



By ( |7.1[ ) and Lemma 2.7 (3), the fixed curve map for At6,2 is a dominant mor- 
phism to the hyperelliptic locus 'Hs whose general fibers are birationally identified 
with the canonical systems. 
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7.3. The rationality of Alsj. We consider curves on F4. Let U c |L2,ol x |Lo,i| 
be the open set of those (C, F) such that C is smooth and transverse to F. For 
{C,F) e U we take the triple cover of F4 branched over the nodal -^^p^ -curve 
C + F + X. This defines a period map f : ?7/Aut(F4) -> Als.i . 



Proposition 7.4. The map P is birational. 

Proof. We consider a double cover U ^ U whose fiber over (C, F) e U corre- 
sponds to the labelings of the two nodes CDF of C+F+1,. The remaining node FnZ 
and the two tangents at each node are respectively distinguished by the irreducible 
decomposition of C+F+H. Thus we will obtain a birational lift U /Aut(F4) Algj 
of P. Since 0{Ai) = {±1} for the invariant lattice L - U ® E^,, we actually have 
Als,! = Ms J. We also have f//Aut(F4) = ?7/Aut(F4) because the hyperelliptic 



involutions (2.13 1 of C give the covering transformation of U ^ U. 



Proposition 7.5. The quotient ?7/Aut(F4) is rational. Therefore Algj is rational. 



Proof. This is a consequence of the slice method for the projection |L2,ol x |Lo, 



|Loj|, Lemma 2.7 (1), and Miyata's theorem [|20il . 



Via the fixed curve map, vVtgj becomes birationally a fibration over "Ks whose 
general fibers are the hyperelliptic pencils. The latter can also be identified with 
the moduli of pointed hyperelliptic curves of genus 3. The degeneration relation 
to the fixed curve map for Al6,2 is visible by regarding the hyperelliptic pencils as 
natural conies in the canonical systems. 

7.4. The rationality of A1io,o- We consider curves on F4. Let U c |L2,ol x |Loj | be 
the locus of those (C, F) such that C is smooth and tangent to F. Taking the triple 
covers of F4 branched over C -1- F -1- X, we obtain a period map f : ?7/Aut(F4) 
Mio.o- 

Proposition 7.6. The map P is birational. 

Proof. The singularities of C -1- F -1- S are the node F n E and the tacnode F n C, 
which are obviously distinguished. Also the two branches at each double point are 
distinguished by the irreducible decomposition oi C + F + 1.. Thus we need no 
additional marking to obtain a birational lift ?7/Aut(F4) Alio.o of P. Since the 
invariant lattice L - ?7 ® Fg is unimodular, we have Atio,o - A1io,o- 1^ 

Proposition 7.7. The quotient ?7/Aut(F4) is rational. Therefore Alio,o is rational. 

Proof. We have the Aut(F4)-equivariant morphism if/: U — > F4, (C, F) i-> C n 
F. The (/^-fibers are open sets of sub-linear systems of |L2,ol- Then our assertion 



follows from the slice method for tp, Lemma 2.6 and Miyata's theorem 



By Proposition 7.6 Alio,o is birational to the divisor of Weierstrass points in the 
moduli of pointed genus 3 hyperelliptic curves, via the fixed curve map. 
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8. The case g = 2 

8.1. The rationality of M^a- We consider curves on F3. Let U c |L2,ol x |Li,o| be 
the open set of pairs (C, H) such that C and H are. smooth and transverse to each 
other. For (C, H) e U we associate the Q-divisor C + j{H + 1.) as a mixed branch. 
The associated Eisenstein K3 surface has invariant {g, k) - (2, 0), and we obtain a 
period map ;P: ?7/Aut(F3) Md^. 

Proposition 8.1. The map "P is birationaJ. 



Proof. We argue as in Example 4.10 Let U c U x (Fs)^ be the locus of 
{C,H,pi,- ■ ■ ,p(,) such that C D H = {Pil^^j. The space U is an Se-cover of U 
endowing C + // + S with labelings of its six nodes. For (C, • • • , p^) € U we make 
the following birational transformation successively: (1) blow-up pi+p2+P3+ PA', 
(2) blow-down the strict transforms of the 7r-fibers through 773 -1- 774; and (3) blow- 
down the strict transforms of H + 1.. Then C is transformed to a bidegree (3, 3) 
curve on 2 = x having two nodes, say 171 and 172, which are respectively 
the blown-down points of H and X. The (- l)-curves over p\ and p2 turn to comple- 
mentary ruling fibers of Q, the /r-fibers through 773 and p^ turn to the tangents of 
at q2, and the points p=, and p(, turn to the tangents of at 171 . Thus is naturally 
endowed with a labeling of the nodes and tangents at them, and the two rulings of 
Q are also distinguished (by p\ and P2). Remembering such labellings, one may re- 
verse this construction. Therefore, if we denote by V the space of two-nodal curves 
of bidegree (3, 3) on Q endowed with suitable labelings of the nodes and tangents 
there, we hav e a n atural birational equivalence f//Aut(F3) ~ V/(PGL2)^. Using 



the recipe in §4.3 we then see that P lifts to a birational map JJ /Aut(F3) M(,,a- 
Since Aut(F3) acts on U almost freely, ?7/Aut(F3) is an Sg-cover of ?7/Aut(F3). 
On the other hand, we have |0(Ai)| - |G0~(4, 3)| = 2 • 6! for the invariant lattice 
L = ?7(3) ® Aj. Hence the projection At6,4 M(,a also has degree 6!. □ 

Proposition 8.2. The quotient ?7/Aut(F3) is rational. Therefore Mf,^ is rational. 

Proof. We consider the Aut(F3)-equivariant map 

i/y-.U^ |Li,o| X |Li,ol, (C, H) ^ {H', H), 

where H' - tpiC) is as defined in p.l4| ). By Lemma 2.7 (2), the group Aut(F3) acts 



on |Li^ol X ILi^ol almost transitively, and the stabilizer G of a general point (H', H) is 
the permutation group of the three points H (Mi' . The fiber ip'^{H', H) is an open 
set of a linear system FV c |L2,ol as before, with G acting on V linearly. Hence 
we have ?7/Aut(F3) ~ ¥V/G by the shce method. It is well-known that FV'/S^ is 
rational for any S3 -representation V. □ 

The restriction of |Li_ol to a smooth L2,o-curve C gives \3Kc\. Thus the fixed 
curve map makes Al6,4 birationally a fibration over M2 whose general fibers are 
the quotients of the tri-canonical systems by the hyperelliptic involutions. 

8.2. The rationality of Ats.s- We consider curves on ¥(,. Let U c |L2,ol be the 
locus of irreducible three-nodal curves. Associating toC € U the triple cover of F^ 
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branched over C + S, we obtain a period map U/Aut{F(,) Al8,3- In Example 4.8 
we proved that this map is birational. 

Proposition 8.3. The quotient U /Aut(F6) is rational. Therefore M^^t, is rational. 



Proof. We argue as in the proof of Proposition 7.3 First we have a birational 
equivalence 

(8. 1) t//Aut(F6) ~ (|L2,ol X |Lo,3|)/Aut(F3) 

via the elementary transformations at the nodes oiC eU. 

Next we apply the slice method to the Aut(F3)-equivariant map 

ifj = {(p,id) : |L2,ol X |Lo,3| |Li,ol x |Lo,3|, 



where (p is as defined in p.l4| ). By Lemma 2.7 (2), Aut(F3) acts on |Lij)| x IL03I 
almost transitively. If we normalize H € |Li^ol to be Hq in §2.2 the stabilizer G of 
(Hq, 2/ Fi) € |Li,o| X |Lo,3| with Fj general is given by 

1 {fo,o}ffeCx ^ G ^ £3 ^ 1, 

where gafi is as defined in ( |2.8| ), and S3 is the stabilizer in Aut(E) of the three 
points YjiFili.. On the other hand, we identify H^\L2fl) with the linear space 
{luf=Qfii^3)yf~'} in ( |2.5| ). Then the fiber i/'~H^o, is an open set of the 

linear subspace ¥V c |L2,ol defined by /i = 0. Therefore we have 

(|L2,ol X |Lo,3|)/Aut(F3) ~ FV/G. 

The elements ga,o € G act on V by the same equation as ( |7.3| ). Thus, if we 
consider the hyperplane W = {fo = 0) of V, we have the G-decomposition V = 
Cyl ® W, and hence ¥V/G ~ PW/S3. Since S3 acts on W hnearly, PW/S3 is 
rational as is well-known. □ 



By ( |8.1| ), the general fibers of the fixed curve map AI8.3 Mj are birationally 
identified with the third symmetric products of the hyperelliptic pencils. 

8.3. The rationality of A1io,2- We consider curves on F4. Let U c |L2,ol x |Loj| 
be the locus of pairs (C, F) such that C is irreducible and one-nodal, and F is 
transverse to C. Considering the -I^Tp^ -curves C -1- F -1- X, we obtain a period map 
P: [//Aut(F4) -^Mio,2- 

Proposition 8.4. The map P is birational. 

Proof. We label the two tangents of C at the node and the two points CDF inde- 
pendently: this is realized by an S2 x S2-cover U ^ U. The two tangents at each 
point of F n (C -I- E) are distinguished by the irreducible decomposition of C+F+X. 
Therefore we have a birational lift U /Aut(F4) Alio,2 of P as before. Since the 
invariant lattice L is isometric to ?7 ® £"5 © A2, we have 0{Al) - (Z/2Z)^ so that 
7V(io,2 is a double cover of A1io,2- On the other hand, the hyperelliptic involution 
tc defined in ( |2.13| ) exchanges the two tangents of C and the two points CDF 



simultaneously. Therefore U /Aut(F4) ?7/Aut(F4) is also a double covering. □ 
Proposition 8.5. The quotient ?7/Aut(F4) is rational. Hence A1io,2 i^ rational. 
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Proof. We apply the slice method to the Aut(F4)-equivariant map 

[/^F4X|Lo,i|, (C,F)^(Sing(C),F), 
whose general fiber is an open set of a sub-linear system of |L2,ol- Then we may 



use Lemma 2.6 and Miyata's theorem. 



Let X2 be the moduli space of pointed genus 2 curves (whose general fibers 
over M2 are the hyperelliptic pencils). As before, we see that the fixed curve map 
makes A1io,2 birational to the fibration K2 'X-Mi ^2 over AI2. 

8.4. The rationality of M.n,\- We consider curves on F4. Let U c |L2,o| x |Loj| 
be the locus of those {C,F) such that C is irreducible and one-nodal, and F is 
tangent to C at a smooth point. By considering the triple covers of F4 branched 
over C -F F -I- E, we obtain a period map P : U /Aut(F4) M.n,i- 

Proposition 8.6. The map P is birational. 

Proof. As before, we consider a double cover U ^ U whose fiber over (C, F) € 
U corresponds to the labelings of the two branches of C at the node. The rest 
singularities of C -1- F -1- E are the node F n S and the tacnode F n C, where the 
branches of C-i-F-i-X are distinguished by the irreducible decomposition of C+F+Y.. 



Following the recipe in ^4.3 we will obtain a birational lift ?7/Aut(F4) A1i2,i 
of f. Since the invariant lattice L is isometric to ?7 © Fg ® A2, we have 0{Ai) - 
{±1} so that Ati2,i ^ M\2,\. We also have [7/Aut(F4) ^ ?7/Aut(F4) because the 



hyperelliptic involutions ( |2. 13| ) give the covering transformation of U ^ U. □ 

Proposition 8.7. The quotient ?7/Aut(F4) is rational. Hence Mn.i i^ rational. 

Proof. Consider the Aut(F4)-equivariant map 

lA : t/ ^ F4 X F4, (C, F) ^ (Sing(C), C n F). 

The (/'-fiber over a general ip,q) is an open set of the linear system in |L2,ol of 
curves singular at p and branched at q over E. Then we apply the slice method for 



i//, and use Lemma 2.6 and Miyata's theorem. □ 



Let "W c X2 be the divisor of Weierstrass points. Then the fixed curve map 
identifies Ati2,i birationally with the fibration X2 X-Mi ^ over M2. 



9. The case g = \ 

In this section we study the case g = I. The cases k = 0,1 are beyond the 
previous method and we have to analyze symmetry by the Weyl groups W(E^), 
W(F4.) respectively. When ^ > 4, we have dimA1r,a < 2 so that it is enough to give 
a unirational parameter space that dominates M,-,a- But for future reference, we 
shall take extra effort to present degree 1 period maps. 
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9.1. The rationality of Al8,5. Let us first recall few basic facts about cubic sur- 
faces. Let F c be a smooth cubic surface. For each point p € Y, the tangent 
plane section of F at /? gives the unique -^y-curve Cp singular at p. When Cp is 
irreducible, it is cuspidal at p if and only if p lies on the intersection of Y with its 
Hessian quartic; otherwise Cp is nodal at p. 

A marking of Y is an isometry I Id - (1)©(-1)^ ^ A'^S' y of lattices which maps 
3h - J ei to -Ky, where h,e\, - • ■ ,e(, are natural orthogonal basis of /i,6- Such a 
marking realizes Y as the blow-up of at six general points pi, - ■ ■ , pd, for which 
the pullback of (9p2(l) corresponds to h and the (-l)-curve over pi corresponds 
to ei. By that blow-down Y — > P^, the -A'y-curves are mapped to plane cubics 
through pi, - ■ ■ ,pe- The stabilizer in 0(/i,6) of the vector 3h - Yji^i is the Weyl 
group W{E(,). It acts transitively on the set of markings of Y. Equivalently, W{Ed) 
transforms the ordered point set (/Ji, • • • ,pd) to another ones up to PGL3. To sum 
up, the moduli space Alcub of marked cubic surfaces is identified with the configu- 
ration space of six general points in P^, on which W{E(,) acts with the quotient the 
moduli space Atcub of smooth cubic surfaces. 

Now we consider the parameter space U c |(9p3(3)| x P-' x |(9p3(l)| of triplets 
(7, p, H) such that (i) F is a smooth cubic surface, (ii) p e F, (iii) the -i^y-curve 
Cp is irreducible and cuspidal at p, and (iv) the -^y-curve C - H\y is smooth and 
tangent to Cp at p. Note that C and Cp do not intersect outside p. To such a triplet 
{Y,p,H) we associate the mixed branch C + \Cp onY. (Strictly speaking, this 
does not satisfy the conditions on singularity of mixed branch. But we can resolve 
C + )^Cp following the process ( |4.1[ ) to pass to a smooth mixed branch. Thus we 
shall abuse the terminology.) By associating Eisenstein A'S surfaces as explained 
in 



4. 1 we obtain a period map P : U /PGL4 At8,5. 



Proposition 9.1. The period map V is birational. 



Proof. To calculate the degree of P, we make use of markings of F in an aux- 
iliary way (cf. [18.1 §12). Let /i be a marking of F and k: Y — > P^ the cor- 
responding blow-down. The pair (C, Cp) of -/Ty-curves is mapped to the pair 
(81,82) = {n{C),7i{Cp)) of irreducible plane cubics such that (i) 82 is cuspidal and 
(ii) 81 is smooth, tangent to 82 at its cusp, and transverse to 82 elsewhere. The 
six intersection points 81 n B2\Sing(B2) are the blown-up points of jt and hence 
ordered by p. This leads us to consider the space U c |(9p2(3)P x (P^)^ of those 
{81, 82, pi,- ■ ■ ,P(,) such that 81,82 satisfy the conditions (i), (ii) above and that 
81 n B2\Sing(B2) - {pi, - ■ ■ , Pe}- Regarding Alcub as the configuration space of 
six points in P^, we may identify U /PGLt, birationally with the moduli space of 
marked cubic surfaces (F/i) with mixed branches C -1- jCp such that (F, p, C) € U. 
Thus we have a quotient map U /FGLi, U/PGL4 by W{E(,), where W{E(,) acts 
on U /PGL3 by the Cremona transformations. 

The point is that the period map P lifts to a birational map P : U /PGL3 Alg.s- 
Indeed, we may view U as parametrizing mixed branches 81 + ^82 on P^ endowed 
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with labelings of the six points Bi n B2\Sing(B2)- The composition 
(9.1) U/PGU ^ U/PGU ^ At8,5 

associates Eisenstein K3 surfaces to those labelled mixed branches in the way of 



4.1| Then we can follow the idea in Remark |4.1 1| to show that ( |9.1| ) lifts to a 
birational map to Mg^s. (Since the surjectivity of U(£') 0(Ae) for the Eisenstein 
lattice E = ® A^is yet uncertain at this moment, here we should narrow the 
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The lattice- 



moduli interpretation of Alg^s as indicated in the footnote in p 
markings induced from our labelled mixed branches do meet the requirement there, 
because, e.g., the connectivity of U ensures that the Eisenstein K3 surfaces can be 
deformed to each other preserving the markings.) 

The Galois group of Alg.s Alg.s is a subgroup of 0{Ae)/ + 1. By we have 
|0(A£)| = |GO(5,3)| = 2 • \W{E6)\. Comparing the two coverings vMs.s ^ Ms.s 
and f//PGL3 ?7/PGL4, we conclude that the Galois group is actually whole 
0(Ae)/ ± 1 and that P has degree 1. □ 

Proposition 9.2. The quotient U /PGL4 is rational. Therefore Alg.s is rational. 

Proof. Let V c |(9p3(3)| x be the locus of pairs {Y,p) such that p lies on the 
intersection of Y with its Hessian quartic. We have a natural projection U ^ V, 
whose fibre over {Y, p) is an open set of the pencil in |<9p3(l)| of planes that contain 
the tangent line of Cp at p. Therefore U is birationally the projectivization of an 
SL4-linearized vector bundle £ over V. The element V-T € SL4 acts on £ by the 
scalar multiplication by V-T. We tensor £ with the pullback £. of the hyperplane 
bundle on |(9p3(3)|, on which V-T € SL4 acts by the multiplication by - V-T. 
Then £ ® X is PGL4-linearized, and P(£ ® X) is canonically identified with P£. 
Since PGL4 acts on V almost freely, we may use the no-name lemma for £ (8 X to 
obtain 

UIVGU ~ P(£ ® £)/PGL4 ~ pi X (y/PGL4). 

Next let W be the space of flags p € I (Z P cz where / is a line and P is a 
plane. We have the PGL4-equivariant map 

if.V^W, {Yp)^{p,TpCp,TpY), 

whose fiber is a linear subspace of |Op3(3)|. The group SL4 acts on W transitively 
with a connected and solvable stabilizer. Therefore we may apply the slice method 
to if and then use Miyata's theorem to see that V/PGL4 is rational. □ 



We can also use C -1- Cp as -l/Ty-curves to obtain 2-elementary ^3 surfaces of 
type (14,6,0). This turns out to be a canonical construction of general members 
of Ali4,6,o- Thus we have a natural birational map At8,5 A1i4,6,o via J7/PGL4. 
Since Mufifi is proven to be rational in [18.1 by another method, this offers a second 
proof of the rationality of Als.s. 
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9.2. The rationality of A1io,4. We study Alio,4 using cubic surfaces with Eckardt 
points. In addition to the anti-canonical model and the blown-up model as used 
in § 9. 1 we will also use the Sylvester form of (general) smooth cubic surfaces Y: 

4 4 

(9.2) Y,^'^f = T^^< = ^^ 

(=0 (=0 

where [Xq,- ■ ■ ,X4] is the homogeneous coordinate of P^. This expression of Y 
is unique up to the permutations of /io, • • • ,^4 and the scalar multiplications on 
(Aq, • • • , A4). For details about Eckardt points, we refer to |25J, [21J and [ IQJ. 

Let y c P^ be a smooth cubic surface. A point p e Y h called an Eckardt 
point if the tangent plane section Cp = TpYly is a union of three lines meeting at 
p. In the Sylvester form ( |9.2| ), Y has such a point if and only if Y\i<ji^i - - 0- 
For simplicity, we may assume Aj, = A4. Then = [0, 0, 0, 1,-1] is an Eckardt 
point of Y. The surface Y has an involution l, called harmonic homology, given by 
X3 <-> X4 and Xi i-> Xi for / < 2. If F is general in the locus {/I3 = A4}, it has no 
other nontrivial automorphism. 

Lemma 9.3. The harmonic homology l acts trivially on the linear space of anti- 
canonical forms vanishing at p. 

Proof. Let H = Y^^q X,-. Since F c {// = 0) is anti-canonically embedded, we 
may identify H^\-Ky) with H^\0f4{l))/CH. If we express linear forms on P^ 
as Yji ctiXi, the space in question is identified with the hyperplane {as = 04} c 
H^\-Ky). Then the assertion holds apparently. □ 

Now we consider the locus U c |<9p3(3)| x P^ x |<9p3(l)| of triplets (Y,p,H) 
such that (i) F is smooth, (ii) p is an Eckardt point of F, and (iii) the -/Ty-curve 
C = H\y is smooth and passes through p. By using C + 5 Cp as mixed branches, 
we obtain Eisenstein ^3 surfaces with {g,k) = (1, 1). We thus have a period map 

In order to show that P is birational, we desc ribe U /PGL4 in a different way. Let 



Alcub> Alcub be the moduli spaces defined in ^9.1 and n: Alcub — > Alcub be the 
quotient map by the Weyl group W{E(,). We have a universal family / : J/ — > Alcub 
of marked cubic surfaces, on which W{E(,) acts equivariantly (cf. ||2T]| §1, JTSll 
§12.1). Let £ c Alcub be the codimension 1 locus of cubic surfaces having exactly 
one Eckardt point. Then 7t~^{&) has 45 irreducible components which are permuted 
transitively by W{E(,). Let £ c n~^{&) be either one component and G c W{E(,) 
the stabilizer of £. (G is the Weyl group W{F4).) The center of G is Z/2Z, which 
acts on £ trivially and on the restricted family 

by the harmonic homologies. We consider the sub-vector bundle c f^Kj} whose 
fibers are the linear spaces of anti-canonical forms vanishing at the Eckardt points. 
Note that 'F is G-linearized because f^Kj^ is VK(£'6)-linearized. Forgetting the 
markings of cubic surfaces, we see that J7/PGL4 is birationally identified with 
P;F/G. Now we can prove 
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Proposition 9.4. The period map V : YT jG Atio,4 is birational. 

Proof. We show that f Ufts to a birational map ¥T Alio,4. Let V c (P^)^ be 
the locus of six distinct points (pi, • • • ,pe) such that the three lines L,- = PiPi+3 
(1 < / < 3) intersect at one point, say p. Regarding vVtcub as the configuration 
space of six points in P^, we have a natural birational identification V/FGLt, ~ &. 
Therefore, if U (Z V x |(9p2(3)| is the locus of those {pi, - ■ ■ ,pe, C) such that C is 
smooth and passes through pi,--- ,P6,P, then FT' is birationally identified with 
U /PGL3. We may regard U as parametrizing mixed branches C + ^ 2,- L,- endowed 
with labelings of the six intersection points C n ^iLj\p that are compatible with 
the irreducible decomposition of X, L,. Then the composition 

^7/PGL3 ~¥r^ rriG ^ Mw,a 

maps such a labelled mixed branch C + ^ X, L,- to the Eisenstein KJi surface associ- 



ated as in ^ 4. 1 Hence by arguing as in the proof of Proposition 9. 1 we will obtain 
a desired birational lift U /PGL3 ^ A1io,4- 

The degree of >Mio,4 ^ Atio,4 divides |0(A£)|/2 = |GO+(4,3)|/2 = {A\f for 
the Eisenstein lattice E = ® A^. On the other hand, PT ¥T/G has degree 
\G\/2 = |lV(£'6)|/90 = (4!)2 because the center of G acts on ¥T trivially by Lemma 
9.3 Comparing the two projections A1io,4 A1io,4 and — > P!F/G, we find 



that P has degree 1 and that the Galois group of the former is 0(Ae)/ + 1. □ 
Proposition 9.5. The quotient ¥f/G is rational. Therefore Alio,4 is rational. 



Proof. By Lemma 9.3 the center of G acts on T trivially. Replacing G by its 
central quotient and applying the no-name lemma to the G-linearized vector bundle 
T ^ &, we have 

¥T/G ~ p2 X (£/G) ~ p2 X £. 



By the Sylvester form ( |9.2[ ), the Eckardt locus £ is biratinal to ¥W/ S3 where W = 
{/I3 = A4} c and £3 acts on W by the permutations of (Aq, ii, /I2). Therefore £ 
is rational. □ 

9.3. The rationality of Mn,?,- We consider curves on Fi. Let V c \L22\ be the 
locus of curves C which have a cusp at C n Z and are smooth elsewhere. (C is the 
blow-up of a plane quartic with a ramphoid cusp.) Let U <z V x |Li ol be the open 
set of pairs (C, H) such that H is smooth and transverse to C. For (C, H) € U we 
consider the mixed branch C + ^{H + 11). The associated Eisenstein ^^3 surface has 
invariant (g, k) - (1,2). Hence we obtain a period map f : ?7/Aut(Fi) Ali2,3- 

Proposition 9.6. The period map V is birational. 



Proof. This is analogous to Example |4.10 and Proposition 8.1 we label the four 



nodes Cn// by an S4-cover ?7 ^ ?7. By blowing-up the "first" and "second" nodes 
and then blowing-down the strict transforms of H and X, the curve C is transformed 
to a bidegree (3, 3) curve on P^ x P^ which has a node and a ramphoid cusp. The 
given labeling of C n // induces that of the tangen ts of at the node, and of the 



two rulings of P x P . Then we see as in Example 4.10 that V lifts to a birational 
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map ?7/Aut(Fi) Ali2,3- The group Aut(Fi) acts on U almost freely, so that 
J7/Aut(Fi) is an S4-cover of ?7/Aut(Fi). On the other hand, we have 0(Al) - 
G0(3, 3) for the invariant lattice L= U ® Ef, 9 A]. Then \0(Al)\ = 2 • 4! by [8], 
and hence P has degree 1 . □ 

Proposition 9.7. The quotient ?7/Aut(Fi) is rational. Therefore Ali2,3 is rational. 

Proof. We first apply the slice method to the Aut(Fi)-equivariant map 

«A : ^ S X |Li,o|, (C, H) ^ (Sing(C), H). 



By Lemma 2.7 (2), Aut(Fi) acts on E x |Li_ol almost transitively. If we normalize 
H to be Hq, and Sing(C) to be the point po = (0,0) in U\, then the stabilizer Gi of 
ipo,Ho) e Ix |Li,o| is 



Gi = {ga,o}aeC>< X {{h^UeC- x (ubec) - X (C^ x C), 

where gafl, hp, i^ are as defined in p.8| )- p?TT] ). The fiber ip~^{po, Hq) is regarded 
as a (nonlinear) sublocus of \L2,2\. Then we have ?7/Aut(Fi) ~ i//~^{pQ,Ho)/Gi. 
Next we apply the slice method to the Gi-equi variant map 

<^ : if^-\po, Ho) ^ Prp„Fi, C ^ Tp^C, 

where Tp^C denotes the unique tangent of C at po. A general ^-fiber is an open 
set of a linear system PV c ILi^il- Since Gi acts on Pr^^Fi almost transitively, 
we have tJ/~^{po,Ho)/Gi ~ PV/G2 for the stabilizer G2 c Gi of a general point 
of Pr^Qpi. If we use y^^xi as the inhomogeneous coordinate of PTp^Fi, then gafl 
acts on VTpg¥i by a, hp by jS, and i^ trivially. This shows that G2 is isomorphic to 
X C. Hence PV/G2 is rational by Miyata's theorem. □ 

9.4. The rationality of Ali4,2- We consider curves on F2. Let U c |L2,ol x |Lo,2l be 
the open set of pairs (C, F\ +F2) such that C and Fi +F2 are smooth and transverse 
to each other. We associate the -^Kf^-hranch C + Fi + F2 + 2) to obtain a period 



map i7/Aut(F2) Mu^2- In Example 4.9 we proved that this map is birational 



Proposition 9.8. The quotient ?7/Aut(F2) is rational. Hence Ali4,2 is rational. 



Proof. As in the proof of Proposition 7.3 we apply the sUce method to the Aut(F2)- 
equivariant map 

^ = {if, iA):U ^ |Li,ol X |Lo,2l, (C, F, + F2) ^ {H Fy + F2), 

where cp is as defined in ( |2.14| ). By Lemma 2.7 (2), Aut(F2) acts on |Li ol x |Lo,2l 



almost transitively. If we normalize H = Hq and F, = {x, = 0), the stabilizer G 
of {Hq, Fi + F2) is described by the same equation as ( |7.2| ). On the other hand, 
if we identify H^{L2fl) with the linear space {'^^^Qfii^3)y^~'} in ( |2.5[ ), the fiber 
ifr~^{HQ, F1+F2) is an open set of the linear subspace ¥V c |L2,ol defined by /i = 0. 
Therefore we have 

[//Aut(F2) ~ FV/G. 



Let W G V be the hyperplane {/o = 0). As in the proof of Proposition 7.3 
we see that the G-representation V decomposes as V = Cy^ ® W. If we consider 
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the G-representation W ^ {Cyj^ ® W, then ¥V/G is birational to W'/G. Since 
W'/G -C'x (FW'/G) and PW/G is 2-dimensional, W'/G is rational. □ 

9.5. The rationality of Atiej- We consider curves on F2. Let U c |L2,ol x |LojP 
be the locus of triplets (C, F\,F2) such that C is smooth, Fi is transverse to C, and 
F2 is tangent to C. Considering the -j^p^ -branches C + Fi + F2 + X, we have a 
period map !P: ?7/Aut(F2) -> Aliej. 

Proposition 9.9. T/ie map P birational. 

Proof. We consider a double cover U ^ U to label the two points C n Fi . The rest 
datum for C + Fi + F2 + X are a priori labelled: Fi and F2 are distinguished by their 
intersection with C, and the two branches at each (tac)node of C + Fi + F2 + S are 
distinguished by the irreducible decomposition of C + Fi + F2 + 2. Thus we will 
obtain a birational lift [7/Aut(F2) Me.i of:P. We have ^7/Aut(F2)^= [//Aut(F2) 
due to the hyperelliptic involutions (|2. 13|) of C. We also have Mi(,,i = Mie,i 



because 0(Al) = {±1} for the invariant lattice L = JJ ® E(,® E^. □ 

Since U is rational and Ali6,i has dimension 2, we see that 
Proposition 9.10. The space 7V(i6,i is rational. 

By associating to (C, Fi, F2) the elliptic curve (C, F2nC) with a point p e F\C\C, 
we obtain a birational map from Alie.i to the Kummer modular surface for SL2(Z), 
whose projection to the modular curve gives the fixed curve map. 



9.6. The rationality of Alis.o- We consider curves on F2. Let U c |L2,ol x |Lo,2l 
be the locus of pairs (C, Fi + F2) such that C is smooth, F\ + F2, and both F, are 
tangent to C. We obtain a period map "P: ?7/Aut(F2) Ali8,o by considering the 
- 1 i«:F2 -branches C -1- Fi -1- F2 -1- X. 

Proposition 9.11. The map f is birational. 

Proof. As before, we distinguish Fi and F2 by a double cover U ^ U to obtain 
a birational lift ?7/Aut(F2) Atis.o of !P. Since the invariant lattice L = U ® 

is unimodular, vVIis.o coincides to A1i8,o- On the other hand, for each (C, Fi -1- 
F2) € U , we have an automorphism of F2 preserving C and exchanging Fi and F2 
(which is an extension of a translation automorphism of C). Hence we also have 
[7/Aut(F2) = [//Aut(F2). □ 

Since U is rational and dimAli8,o = 1, we have 

Proposition 9.12. The space Alig^o is rational. 

The two points p\ - Fi D C, p2 = F2 C\ C on the elliptic curve C satisfy 
2(pi - P2) ~ 0. This shows that A1i8,o is naturally birational to the elliptic modular 
curve for ro(2) through the fixed curve map. 
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10. The case g - 

In this section we study the case g = 0. The space yVlgj is unirational by the 
constructions in [3] and |)4|, where a complete intersection model and an elliptic 
fibration model for the generic member ai^e given respectively. Similarly, A1io,6 is 
unirational by the quartic model given in |3|. Here we shall present another triple 
cover constructions for those two. The space A1i2,5 is birational to the moduli 
space of cubic surfaces (||2l, |[TOl ). which is rational as is well-known. 

Below we (re)prove that Mr,a is unirational for ^ < 0, and rational for k > 2. 
As in ^ even when dimyVlr,^ < 2, we make a detour to present birational period 
maps. 

10.1. The unirationality of M^j. We construct general members of Alsj using 
certain triangles of anti-canonical curves on quadric del Pezzo surfaces. To be- 
gin with, let U c |(9p2(4)| x (P^)^ be the locus of quadruplets (C, p\, p2, P3) such 
that (i) C is a smooth quartic, (ii) pj e C, and (iii) if L,- is the tangent line of C 
at Pi, then L\ (resp. L2, L3) passes through p2 (resp. 753, pi). The space U is 
rational of dimension 14. Indeed, if we use the homogeneous coordinate of to 
normalize pi = [0,0, 1], p2 = [0, 1,0], p3 = [1,0,0] and express quartic forms as 
I^akaijkX'YJZ'' with i + j + k = 4, then the conditions (ii) and (iii) are given by 

(3400 = a^oi = 0, ao4o - tJno - 0, £2004 - fl^on = 0- 

For (C, pi, p2, P3) £ U, the double cover n: Y P^ branched over C is a 
quadric del Pezzo surface. The curves D, = 7r*L, are nodal -Ky-cmves such that 

£>! n D2 - Sing(D2), D2 n D3 - Sing(D3), D3nDi= Sing(Di). 

Then the curve B - D\ + D2 + has ordinary triple points at the nodes of D,. We 
consider as a mixed branch on Y with all components shadow. The associated 
Eisenstein K3 surface has three isolated fixed points and no fixed curve. Thus we 
obtain a period map f : J7/PGL3 Als,?- 

Proposition 10.1. The map V is dominant. 

Proof. Since dim(?7/PGL3) = dimAtsj, it suffices to show that "P has countable 
fibers. The natural projection g: F — > F — > P^ is recovered from the degree 2 line 
bundle H = g*(9p2(l) as the associated projective morphism cpH-Y^ |//|^. Hence 
we have surjective maps onto the !P-fibers from subsets of Pic(F) - ^ □ 

In this way, we obtain a proof of 

Corollary 10.2 (cf. O, H). The space M^j is unirational. 

10.2. The unirationality of Alio,6- We consider a degeneration of our model for 
Al8,5- Let U c |<9p3(3)| x (P^)^ be the locus of triplets iY,p,q) such that (i) F 
is a smooth cubic surface containing p and q, (ii) the -^y-curve Cp = TpYly is 
irreducible and cuspidal, and (ii) the -^y-curve Cq = TqYly is irreducible, nodal, 
and tangent to Cp at p. Considering the mixed branches Cq + \Cp, we obtain 
Eisenstein K3 surfaces in Atio,6- As before, one checks that the induced period 
map U /PGL4 Alio,6 is dominant. Since U is rational, we have 
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Proposition 10.3 (cf. iH), The space yVlio.e is unirational. 

Using Cq + Cp as -2A'y-branches will give a canonical construction of general 
2-elementary ^3 surfaces of type (15,7, 1). Thus, via J7/PGL4 we have a natural 
birational map from an intermediate cover of Miofi Wlio.e to the orthogonal 
modular variety vVlisjj. 

10.3. The rationality of Ali4,4. We consider curves on F^. Let U c |L2,o| be the 
locus of reducible curves Hi + H2 such that H\,H2 are smooth members of |Li_ol 
transverse to each other. We associate the -^A'p^-curves Hi + H2 + '^to obtain a 
period map !P: ?7/Aut(F6) Ali4,4. 

Proposition 10.4. The map P is birational. 

Proof. We label independently the two curves Hi,H2 and the six points Hi D H2. 
This is realized by an S2 x S^-cover U ^ U. The two branches of Hi + H2 + 1. at 
each of Hi n H2 are distinguished by the given distinction of Hi and H2. Hence P 
lifts to a birational map U /Aut(F6) A1i4,4 as before. Since 0(Al) - G0~(4, 3) 
for the invariant lattice L - U 9E(, ®A^, the projection Ati4,4 — > A1i4,4 has degree 
|G0"(4, 3)1/2 ^ 6! by lEl. On the other hand, the hyperelliptic involutions (|rT3|) 



of Hi + H2 exchange Hi and H2, so that the projection ?7/Aut(F6) ?7/Aut(F6) 
is an Sg-covering. Therefore P has degree 1. □ 

Proposition 10.5. The quotient ?7/Aut(F6) is rational. Therefore A1i4,4 is rational. 



Proof. We consider the Aut(F6)-equivariant map ip: U |Li o| defined in (2.14i 



By Lemma 2.7 (2), we may apply the slice method for (p to see that 



[//AutCFg) ~ <f-\H)/G, 

where H e |Li,o| is a smooth member and G x PGL2 is the stabilizer of H in 
Aut(F6). Let lh be the involution of Fg which on each 7r-fiber F fixes the two points 
H\f,'L\f. Then ^"'(//) is an open set of the locus {H' + lh{H'),H' e |Li,o|)in |L2,o|. 
Thus (fi~^{H)IG is birational to (|Li ol/i//)/G ~ |Li,o|/G. It is straightforward to see 
that the natural map |Li_o| |(5//(6)|, H' i-> H'\e, makes ifi~^{H)/G birational to 
l<5ff(6)|/Aut(//). Then |<9//(6)|/Aut(//) is birational to the moduli M2 of genus 2 
curves, which is rational by Igusa Iil3.l . □ 

By the proof, we have a natural birational map Ali4,4 M2. This might be 
related to the Janus example in [ 12] Main Theorem (i). 

10.4. The rationality of Mi6,3- We consider curves on F4. Let U c |L2,o| x |Loj| 
be the locus of pairs (Hi + H2, F) such that Hi,H2 are smooth members of |Li_ol 
transverse to each other, and F is transverse to Hi + H2. Considering the nodal 
- 5 A'f^ -curves Hi + H2 + F + 1,, we obtain a period map "P: ?7/Aut(F4) Mi(,,3. 

Proposition 10.6. The map P is birational. 



Proof. As in the proof of Proposition 10.4[ we distinguish the two sections Hi , H2 



and the four points Hi n H2 independently. This defines an to2 x S4-cover U ^ U. 
The rest datum for Hi + H2 + F + 1. are then automatically labelled, and P will lift 
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to a birational map [//Aut(F4) -» Mie,3- The projection ?7/Aut(F4) [//Aut(F4) 
is an S4-covering as before, while M16.3 Ali6,3 has degree |0(A/,)|/2 for the 
invariant lattice L = ?7 © ® A^. It is straightforward to calculate that 0{Al) - 
S3 X (Z/2Z)3. □ 

Since U is unirational and dimAti6,3 = 2, we have 

Proposition 10.7. The space Ali6,3 is rational. 



Arguing as in the proof of Proposition 10.5 one will see that ?7/Aut(F4) is nat 



urally birational to the Kummer modular surface for SL2(Z). 

10.5. The rationality of A1i8,2- We consider curves on F2. Let U c |L2,ol x |Lo,2l 
be the locus of pairs {H\ + H2,F\ + F2) such that Hi,H2 € |Li_o| are smooth and 
transverse to each other, and f 1, f 2 ^ l^o.il are distinct and transverse to Hi + H2. 
We associate the nodal - l^pj-curves Hi+H2 + F\+F2 + '^to obtain a period map 
-P: [//Aut(F2) -> Mi8,2- 

Proposition 10.8. The map "P is birational. 

Proof. We distinguish independently the two sections H\,H2, the two fibers F\,F2, 
and the two points D H2. This is realized by an (62)^^ -cover U ^ U. As 
before, we see that these labelings induce a birational lift f//Aut(F2) A1i8,2 of 
P. Then Alig 2 is a double cover of Mi8,2 because we have 0(Al) - {Z/2Zf for 
the invariant lattice L = U{3)® E'^. On the other hand, the stabilizer in Aut(F2) of 
a general (Yji Ft) ^ U is (Z/2Z)^ generated by the hyperelliptic involution 



( |2.13| ) of Hi + H2 and by an element exchanging the two points Hi n H2 and the 
two fibers Fi,F2 respectively. Thus f//Aut(F2) ?7/Aut(F2) is also a double 
covering. □ 

Since U is rational and dimAti8,2 = 1, we have 

Proposition 10.9. The space At 18,2 is rational. 



Let H = (p{Hi + H2) be the section defined by p.l4| ). As in the proof of Propo- 
sition 10.5 considering the configuration oil + 2 points Hi n H2, Fi + F2I// on H 
makes ?7/Aut(F2) birational to the elliptic modular curve for ro(2). 

For completeness, we finish the article with a comment on M2o,\, which consists 
of one point. Its unique member is obtained from the curve X^=i Fi+ + Y!i=i Fi- on 

X P^, where are ruling fibers of bidegree (1,0), (0, 1) respectively. 
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